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1 The standard model
One of the most remarkable achievements of modern theoretical physics has
been the construction of the standard model for weak, electromagnetic and
strong interactions. It is a gauge theory based on the group U(1)⊗SU(2)⊗
SU(3) which is spontaneously broken to U(1)⊗SU(3). This relatively simple
model epitomises our present knowledge of elementary particle interactions.
It is analysed in detail in this School, so I present only a short summary.
The model contains three types of fields:
(i) The gauge fields. There are twelve spin-one boson fields which belong
to the adjoint, i.e. the (1, 8)⊕(3, 1)⊕(1, 1) representation of SU(2)⊗SU(3).
The first eight are the gluons which mediate strong interactions between
quarks and the last four are (W+,W−, Z0 and γ), the vector bosons of
the electroweak theory. The remarkable point is that the gauge fields are
purely geometrical objects. Their number and their properties are uniquely
determined by the gauge structure of the theory. In particular, they always
belong to the adjoint representation. Once the group is given, everything is
fixed.
(ii) Matter fields. The basic unit is the “family” consisting exclusively
of spinor fields. Until a few years ago we believed that the neutrinos were
massless and this allowed us to use only fifteen two-component complex
fields, which, under SU(2)⊗SU(3), form the representation (2, 1)⊕ (1, 1)⊕
(2, 3)⊕ (1, 3)⊕ (1, 3). In other words, we had no right-handed neutrino. It is
still probable that this is correct, but since I shall not discuss the neutrino
masses in any detail here, I will include a νeR with the basic unit. If it is
not needed, it will end up being a free field. The prototype is the electron
family:
(
νe
e−
)
L
; νeR ; eR;
(
ui
di
)
L
; uiR ; diR
(2, 1) (1, 1) (1, 1) (2, 3) (1, 3) (1, 3)


i = 1, 2, 3 (1)
For the muon family νe → νµ; e → µ;ui → ci and di → si and, similarly,
for the tau family, νe → ντ ; e → τ ;ui → ti and di → bi. At first sight, the
introduction of massive neutrinos puts leptons and quarks on equal footing
and, indeed, neutrino masses are also described by a 3 × 3 mass-matrix.
As a consequence, the number of parameters one should measure in order
to determine the Standard Model Lagrangian is considerably increased and
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this opens a new chapter in experimental research. Although the chapter
is far from being closed, the smallness of the resulting values suggests that
their origin may belong to physics beyond the Standard Model.
A remarkable property is that the sum of the electric charges in each
family vanishes. This turns out to be necessary for the cancellation of tri-
angle anomalies in the Ward identities of axial currents and hence, for the
construction of a renormalisable theory. On the other hand we shall see
later that the same property plays a crucial role in grand unified theories.
This family structure is an as yet unexplained feature of the theory. It gives
strong predictions for the existence of new species of particles. For example,
the experimental discovery of the tau lepton signaled the opening of the
third family and gave a prediction for the existence of two new quarks, t
and b. The so-called “family problem” is that the total number of families
is not restricted by the theory. In fact, we know of no good reason why any,
beyond the first one, should exist. This, of course, is related to the fact that
the matter fields, contrary to the gauge bosons, are not geometrical objects.
Given the group, we can consider arbitrary representations with arbitrary
spins. It so happens that Nature seems, up to now, to use only fundamen-
tal representations, doublets and triplets, with spin one-half fermions, but
simplicity is the only reason we can think of.
(iii) Higgs scalar fields. We would be very happy if we could live with
only the first two kinds of fields but, in fact, we need a third one, the scalar
Higgs fields. Their nonzero vacuum expectation values break the gauge sym-
metry spontaneously, thus providing masses to the gauge bosons W+,W−
and Z0 as well as the fermions. In the standard model this is accomplished
with a complex doublet of scalar fields. At the end one neutral spin-zero
boson survives as a physical particle. There are no severe restrictions on its
mass. The data favour a rather low value, close to the experimental limit
which is currently 114 GeV. If mφ ≥ 1TeV a sector of the theory becomes
strongly interacting and perturbation theory breaks down. In the absence
of any concrete experimental evidence, one is left to speculate on the num-
ber of Higgs particles as well as on their elementary or composite nature.
Whichever the ultimate answer to these questions may be, we can say that
the Higgs sector is at present the least understood and probably the most
interesting sector of gauge theories. An important aim for LHC is precisely
the experimental probe of this sector. I shall come back to this question
presently.
Our confidence in this model is amply justified on the basis of its ability
to accurately describe the bulk of our present day data and, especially, of
its enormous success in predicting new phenomena. A short list of these
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successes includes:
(i) The weak neutral currents: Not only their existence, but also their
main properties were predicted. In general we would expect, for every
flavour, a parameter that determines the strength of the neutral current
relatively to the charged one and another to fix the ratio of the vector and
axial parts. In the simplest model, in which the breaking comes through
isodoublet scalars, they are all expressible in terms of a single one, the angle
θW . This is brilliantly confirmed by the fact that the values of θW measured
in various experiments coincide.
(ii) The charmed particles were predicted and they were found to decay
predominantly to strange particles, thus confirming the theoretical predic-
tion.
(iii) As we mentioned already, each family must be complete. Therefore
the discovery of a new lepton (τ) was interpreted as the opening of a third
family. Indeed the b- and t-quarks were discovered.
(iv) The experimental discovery of the intermediate vector bosons W
and Z, with the accurately predicted masses and decay properties, has been
one of the most remarkable achievements of accelerator technology and ex-
perimental high energy physics.
(v) The large amount of data which have been accumulated in recent
years concerning high energy and large pT physics are correctly described by
the Standard Model, including quantum chromodynamics, the gauge theory
of strong interactions. In the above kinematic region asymptotic freedom
has set in and perturbation theory is meaningful.
2 Waiting for the L.H.C.
2.1 An impressive global fit
All these spectacular successes of the standard model are in fact successes of
renormalised perturbation theory. Indeed what we have learnt was how to
apply the methods which had been proven so powerful in quantum electro-
dynamics, to other elementary particle interactions. The remarkable qual-
ity of modern High Energy Physics experiments, mostly at LEP, but also
elsewhere, has provided us with a large amount of data of unprecedental
accuracy. All can be fit using the Standard Model with the Higgs mass as
the only free parameter. Let me show some examples: Figure 1 indicates the
overall quality of such a fit. There are a couple of measurements which lay
between 2 and 3 standard deviations away from the theoretical predictions,
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but it is too early to say whether this is accidental, a manifestation of new
physics, or the result of incorrectly combining incompatible experiments.
Another impressive fit concerns the strong interaction effective coupling
constant as a function of the momentum scale (Figure 2)1. This fit already
shows the importance of taking into account the radiative corrections, since,
in the tree approximation, αs is, obviously, a constant. Similarly, Figure
3 shows the importance of the weak radiative corrections in the framework
of the Standard Model. Because of the special Yukawa couplings, the de-
pendence of these corrections on the fermion masses is quadratic, while it
is only logarithmic in the Higgs mass. The ǫ parameters are designed to
disentangle the two. The ones we use in Figure 3 are defined by:
ǫ1 =
3GFm
2
t
8
√
2π2
− 3GFm
2
W
4
√
2π2
tan2 θW ln
mH
mZ
+ ... (2)
ǫ3 =
GFm
2
W
12
√
2π2
ln
mH
mZ
− GFm
2
W
6
√
2π2
ln
mt
mZ
+ ... (3)
where the dots stand for subleading corrections. As you can see, the ǫ’s van-
ish in the absence of weak interaction radiative corrections, in other words,
ǫ1 = ǫ3 = 0 are the values we get in the tree approximation of the Standard
Model but including the purely QED and QCD radiative corrections. We
see clearly in Figure 3 that this point is excluded by the data. The latest
values for these parameters are ǫ1 = 5.4± 1.0 and ǫ3 = 5.34 ± 0.94.
Using all combined data we can extract the predicted values for the
Standard Model Higgs mass which are given in Figure 4. The data clearly
favour a low mass (≤ 200 GeV) Higgs, although, this prediction may be less
solid than what Figure 4 seems to indicate.
2.2 Bounds on the Higgs mass
A more detailed discussion of the quality of the fit has been presented in
this School, so I go directly to what can be expected at the LHC. First thing
LHC expects to find is, of course, the Higgs boson. Let me then ask a very
general question: In the framework of the Standard Model, is it possible
to predict the value of the Higgs mass? The question can be rephrased as
follows: The model contains a large number of arbitrary parameters which
must be determined by experiment. Is it possible to find some relation
among some of these parameters such that it remains stable against higher
1The precision has been considerably increased recently. See M. Davier et al arXiv
0803.0979.
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Figure 1: Various physical quantities measured and computed.
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Figure 2: The variation of αs with the momentum scale. The renormalisa-
tion group prediction and the experimental points.
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Figure 3: The importance of the Standard Model radiative corrections. The
arrows show how the prediction moves when we vary mt and mH , in partic-
ular if we use the most recent lower value for mt.
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Figure 4: The predicted values for the Standard Model Higgs mass using all
available data. The shaded region is excluded by direct searches.
order corrections and it is not spoiled by arbitrary counterterms? The only
parameter which has not yet been directly measured is the Higgs boson
mass, or, alternatively, the coupling constant λ of the Higgs self-interaction.
An example of such relation which has been extensively studied is of the
form:
mZ/mH = C (4)
with C a constant. At the classical level such relation is indeed obtained if
one formulates the model in a suitably chosen space with non-commutative
geometry which allows for a unified picture of both Higgs and gauge fields.
In the tree approximation we have:
C =
mZ
mH
=
√
g21 + g
2
2√
8λ
(5)
So, the question is: is there any renormalisation scheme, no matter how
complicated in practice, in which the relation (4), or (5) does not receive an
infinite counterterm? The general theory of renormalisation tells us that, if
such a relation is stable, it corresponds to a zero of the β-function for the
combination of the coupling constants which appears at the r.h.s. of (5).
The important point is that the first coefficient of the β-function is universal,
independent of the renormalisation scheme. For the purely bosonic sector
of the theory a simple one-loop calculation gives:
10
16π2βg1 = g
3
1
1
10
16π2βg2 = −g32
43
6
16π2βλ = 12λ
2 − 9
5
g21λ− 9g22λ+
27
100
g41 +
9
10
g21g
2
2 +
9
4
g42
(6)
Notice that λ must be positive, otherwise the classical Higgs potential is
unbounded from below. For the combination (5) we obtain:
βz = βη1 + βη2 =
=
−λw
16π2ρz
[(
27
100
ρ2 +
9
10
ρ+
9
4
)
z2 −
(
2ρ2 +
54
5
ρ− 16
3
)
z + 12(ρ+ 1)2
]
(7)
where we defined
η1 =
g21
λ
; η2 =
g22
λ
; z = η1 + η2 ; ρ =
η1
η2
; w = η1η2 (8)
It is easy to check that the quadratic form in the r.h.s. of (7) never
vanishes for real and positive z and ρ. This implies that the relation (5)
will be violated in one loop, no matter which renormalisation scheme one
is using. Including the fermions does not avoid this result and a similar
conclusion can be drawn for any relation of this type. The conclusion is
that the set of parameters of the Standard Model appears to be irreducible.
This does not mean that it is impossible to predict the mass of the Higgs
boson. It only means that the origin of such a relation should come from
physics beyond the Standard Model in which the latter is embedded in a
larger scheme with tighter structure and richer particle content.
Given this result, let us see what, if any, are the theoretical constraints.
The Standard Model Higgs mass is given, at the classical level, by m2H =
2λv2, with v the vacuum expectation value of the Higgs field. v is fixed by
the value of the Fermi coupling constant GF /
√
2 = 1/(2v2) which implies
v ≈246 GeV. Therefore, any constraints will come from the allowed values
of λ. A first set of such constraints is given by the classical requirement:
1 > λ > 0 ⇒ mH < 400− 500GeV (9)
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Figure 5: Bounds on the Higgs mass.
The lower limit for λ comes from the classical stability of the theory. If
λ is negative the Higgs potential is unbounded from below and there is no
ground state. The upper limit comes from the requirement of keeping the
theory in the weak coupling regime. If λ ≥ 1 the Higgs sector of the theory
becomes strongly interacting and we expect to see plenty of resonances and
bound states rather than a single elementary particle.
Going to higher orders is straightforward, using the renormalisation
group equations. The running of the effective mass is determined by that of
λ. Keeping only the dominant terms and assuming t = log(v2/µ2) is small
(µ ∼ v), we find
dλ
dt
=
3
4π2
[λ2 + 3λh2t − 9h4t + ...] (10)
where ht is the coupling of the Higgs boson to the top quark. The dots stand
for less important terms, such as the other Yukawa couplings to the fermions
and the couplings with the gauge bosons. This equation is correct as long as
all couplings remain smaller than one, so that perturbation theory is valid,
and no new physics beyond the standard model becomes important. Now
we can repeat the argument on the upper and lower bounds for λ but this
time taking into account the full scale dependence λ(µ). We thus obtain for
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the Higgs mass an upper bound given by the requirement of weak coupling
regime (λ(µ) < 1) all the way up to the scale µ, and a lower bound by the
requirement of vacuum stability (λ(µ) > 0), again up to µ. Obviously, the
bounds will be more stringent the larger the assumed value of µ. Figure
5 gives the allowed region for the Higgs mass as a function of the scale for
scales up to the Planck mass. We see that for small µ ∼ 1TeV, the limits are,
essentially, those of the tree approximation equation (9), while for µ ∼MP
we obtain only a narrow window of allowed masses 130GeV< mH <200GeV,
remarkably similar to the experimental results.
2.3 New Physics
Looking at all the data, from low energies to the Tevatron, we have learnt
that perturbation theory is remarkably successful, outside the specific regions
where strong interactions are important.
Let me explain this point better: At any given model with a coupling
constant g we expect to have a weak coupling region g ≪ 1, in which weak
coupling expansions, such as perturbation theory, are reliable, a strong cou-
pling region with g ≫ 1, in which strong coupling expansions may be rel-
evant, and a more or less large gray region g ∼ 1, in which no expansion
is applicable. The remarkable conclusion is that this gray area appears to
be extremely narrow. And this is achieved by an enlargement of the area
in which weak coupling expansion applies. The perturbation expansion is
reliable, not only for very small couplings, such as αem ∼ 1/137, but also for
moderate QCD couplings αs ∼ 1/3, as shown in Figure 2. This is extremely
important because without this property no calculation would have been
possible. If we had to wait until αs drops to values as low as αem we could
not use any available accelerator. Uncalculable QCD backgrounds would
have washed out any signal. And this applies, not only to the Tevatron
and LHC, but also to LEP. A global view of the weak and strong coupling
regions is given in Figure 6 which shows the R-ratio, i.e. the e+ + e− total
cross section to hadrons normalised to that of e++e− → µ++µ− as a func-
tion of the centre-of-mass energy. The lowest order perturbation value for
this ratio is a constant, equal to ΣQ2i , the sum of the squares of the quark
charges accessible at this energy. We see clearly in this Figure the areas
of applicability of perturbation theory: At very low energies, below 1 GeV,
we are in the strong coupling regime characterised by resonance production.
The strong interaction effective coupling constant becomes of order one (we
can extrapolate from Figure 2), and perturbation breaks down. However,
as soon as we go slightly above one GeV, R settles to a constant value and
13
Figure 6: The ratio R of e+ + e− total cross section to hadrons normalised
to that of e+ + e− → µ+ + µ− as a function of the centre-of-mass energy.
it remains such except for very narrow regions when new thresholds open.
In these regions the cross section is again dominated by resonances and per-
turbation breaks down. But these areas are extremely well localised and
threshold effects do not spread outside these small regions.
I want to exploit this experimental fact and argue that the available
precision tests of the Standard Model allow us to claim with confidence
that new physics will be unravelled at the LHC. The argument is based on
the fact that, whichever new physics may appear at an as yet unaccessi-
ble energy scale, it influences physics at present energy through the higher
order radiative corrections. Therefore, precision measurements at the LEP
and Tevatron scales allow us to guess new physics at the LHC scale. The
argument assumes the validity of perturbation theory and it will fail if the
latter fails. But, as we just saw, perturbation theory breaks down only when
strong interactions become important. But new strong interactions imply
also new physics.
Let us illustrate the argument with two examples, one with a non-
renormalisable theory and one with a renormalisable one. A quantum field
theory, whether renormalisable or not, should be viewed as an effective the-
ory valid up to a given scale Λ. It makes no sense to assume a theory for
all energies, because we know already that at very high energies entirely
new physical phenomena appear (example: quantum gravity at the Planck
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scale). The first example is the Fermi four-fermion theory with a coupling
constant GF ∼ 10−5GeV −2. It is a non-renormalisable theory and, at the
nth order of perturbation, the Λ dependence of a given quantity A is given
by:
A(n) = C
(n)
0 (GFΛ
2)n + C
(n)
1 GF (GFΛ
2)n−1 +C
(n)
2 G
2
F (GFΛ
2)n−2 + .... (11)
where the Ci’s are functions of the masses and external momenta, but their
dependence on Λ is, at most, logarithmic. Perturbation theory breaks down
obviously when A(n) ∼ A(n+1) and this happens when GFΛ2 ∼ 1. This
gives a scale of Λ ∼ 300GeV as an upper bound for the validity of the
Fermi theory. Indeed, we know to-day that at 100GeV the W and Z bosons
change the structure of the theory. But, in fact, we can do much better
than that. Weak interactions violate some of the conservation laws of strong
interactions, such as parity and strangeness. The absence of such violations
in precision measurements will tell us that GFΛ
2 ∼ ǫ with ǫ being the
experimental precision. The resulting limit depends on the value of the C
coefficient for the quantity under consideration. In this particular case it
turned out that, under the assumption that the chiral symmetry of strong
interactions is broken only by quark mass terms, the coefficient C
(n)
0 for
parity and/or strangeness violating amplitudes vanishes and no new limit is
obtained. However, the second order coefficient C
(n)
1 contributes to flavour
changing neutral current transitions and the smallness of the K1−K2 mass
difference, or the K0L → µ++µ− decay amplitude, give a limit of Λ ∼ 3GeV
before new physics should appear. The new physics in this case turned out
to be the charmed particles. We see in this example that the scale Λ turned
out to be rather low and this is due to the non-renormalisable nature of
the effective theory which implies a power-law behaviour of the radiative
corrections on Λ.
The second example in which new physics has been discovered through
its effects in radiative corrections is the well-known “discovery” of the t quark
at LEP, before its actual production at Fermilab. The effective theory is now
the Standard Model, which is renormalisable. In this case the dependence of
the radiative corrections on the scale Λ is, generically, logarithmic and the
sensitivity of the low energy effective theory on the high scale is weak (there
is an important exception to this rule for the Standard Model which we shall
see presently). In spite of that, the discovery was made possible because
of the special property of the Yukawa coupling constants in the Standard
Model to be proportional to the fermion mass. Therefore, the effects of
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the top quark in the radiative corrections are quadratic in mt. The LEP
precision measurements were able to extract a very accurate prediction for
the top mass.
I claim that we are in a similar situation with the precision measurements
of the Standard Model. We know that new physics will appear at the LHC
scale, although we have no unique answer on the nature of this new physics.
We can only look at various possibilities.
The key is again the Higgs boson. As we explained above, the data
favour a low mass Higgs. However, the opposite cannot be excluded, first
because it depends on the subset of the data one is looking at2, and, second,
because the analysis is done taking the minimal standard model.
So, let me take as a first possibility the one I consider as less likely,
namely the absence of a light Higgs (by “light” I mean less than a few
hundred GeV). This does not necessarily mean “no-Higgs”, because a very
heavy Higgs, above 1 TeV, is not expected to appear as an elementary
particle. As we explained above, this will be accompanied by new strong
interactions. A particular version of this possibility is the “Technicolor”
model, which assumes the existence of a new type of fermions with strong
interactions at the multi-hundred-GeV scale. The role of the Higgs is played
by a fermion-antifermion bound state. “New Physics” here is precisely the
discovery of a completely new sector of elementary particles. Other strongly
interacting models have been constructed and we shall mention some of them
in these lectures. The general conclusion here is that a heavy Higgs always
implies new forces whose effects are expected to be visible at the LHC.3
The possibility which seems to be favoured by the data is the presence
of a “light” Higgs particle. In this case new strong interactions are not
needed and, therefore, we can assume that perturbation theory remains
valid. But then we are faced with a new problem. The Standard Model
is a renormalisable theory and the dependence on the high energy scale is
expected to be only logarithmic. This is almost true, but with one notable
exception: The radiative corrections to the Higgs mass are quadratic on
whichever scale Λ we are using. The technical reason is that mH is the
only parameter of the Standard Model which requires, by power counting,
2This prediction is, in fact, an average between a much lower value, around 50 GeV,
given by the data from leptonic asymmetries, and a much higher one, of 400 GeV, obtained
from the hadronic asymmetries. Although the difference sounds dramatic, the two are still
mutually consistent at the level of 2-3 standard deviations.
3We can build specific models in which the effects are well hidden and pushed above the
LHC discovery potential. In this case one would need very high precision measurements,
probably with a multi-TeV e+ − e− collider.
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a quadratically divergent counterterm. The gauge bosons require no mass
counterterm at all because they are protected by gauge invariance and the
fermions need only a logarithmic one. The physical reason is that, if we
put a fermion mass to zero we increase the symmetry of the model because
now we can perform chiral transformations on this fermion field. Therefore
the massless theory will require no counterterm, so the one needed for the
massive theory will be proportional to the fermion mass and not the cut-off.
In contrast, putting mH = 0 does not increase the symmetry of the model.
4
As a result the effective mass of the Higgs boson will be given by
(m2H)eff = m
2
H + CαeffΛ
2 (12)
where C is a calculable numerical coefficient of order one and αeff some ef-
fective coupling constant. In practice it is dominated by the large coupling
to the top quark. The moral of the story is that the Higgs particle cannot
remain light unless there is a precise mechanism to cancel this quadratic de-
pendence on the high scale. This is a particular aspect of a general problem
called “scale hierarchy”. We shall see later how such cancellation mecha-
nisms can be implemented and what kind of New Physics they imply.
Let us summarise: In the Standard Model the absence of a light Higgs
comes necessarily with new interactions. On the other hand a light Higgs
is not stable without new interactions. Both are good news for LHC. Never
before a new experimental facility had such a rich discovery potential and
never before it was loaded with so high expectations.
3 Grand Unification
In the remaining of this course I shall show some of the new physics that
theorists have envisaged. Obviously, the selection of the topics reflects my
own preferences.
The hypothesis of grand unification states that U(1) ⊗ SU(2) ⊗ SU(3)
is the remnant of a larger, simple or semi-simple group G, which is sponta-
neously broken at very high energies. The scheme looks like:
G
M−→ U(1)⊗ SU(2)⊗ SU(3) mW−→ U(1)e.m. ⊗ SU(3) (13)
where the breaking of G may be a multistage one and M is one (or several)
characteristic mass scale(s). Two questions immediately arise concerning
4At the classical level, the Standard Model with a massless Higgs does acquire a new
symmetry, namely scale invariance, but this symmetry is always broken for the quantum
theory and offers no protection against the appearance of quadratic counterterms.
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this idea: (i) Is it possible? In other words are there groups which contain
U(1) ⊗ SU(2)⊗ SU(3) as a subgroup and which can accommodate the ob-
served particles? (ii) Does it work? i.e. is the observed dynamics compatible
with this grand unification idea?
We shall try to answer each of these questions separately.
3.1 The simplest G.U.T.: SU(5)
In this subsection we shall answer the first question by giving a specific
example of a group G which satisfies our requirements. We first observe
that G must contain electromagnetism, i.e. the photon must be one of the
gauge bosons of G. This is part of the requirement that G contains the
group of the standard model. Another way to say the same thing, is to say
that the electric charge operator Q must be one of the generators of the
algebra of G. Since G is semi-simple, all its generators are represented by
traceless matrices. It follows that, in any representation of G, we must have:
Tr(Q) = 0 (14)
in other words, the sum of the electric charges of all particles in a given
representation vanishes.
For simplicity, let us make a first assumption: The fifteen (or sixteen)
spinors of a family fill a representation, not necessarily irreducible, of G, i.e.
we assume that there are no other, as yet unobserved, particles which sit in
the same representation. Property (14), together with the above assumption,
have a very important consequence: As we have remarked, the members of
a family satisfy (14) because the sum of their charges vanishes. This, how-
ever, is not true if we consider leptons or quarks separately. Therefore each
irreducible representation of G will contain both leptons and quarks. This
means that there exist gauge bosons of G which can change a lepton into a
quark, or vice versa. We conclude that a grand unified theory, which satis-
fies our assumption, cannot conserve baryon and lepton numbers separately.
This sounds disastrous, since it raises the spectrum of proton decay. The
amplitude for such a decay is given by the exchange of the corresponding
gauge boson and therefore, it is of orderM−2, whereM is the gauge boson’s
mass. The resulting proton life-time will be of order:
τp ∼ M
4
mp5
(15)
Using the experimental limit, (for particular decay modes), of afew times
10−32 years, we can put a lower limit on M :
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M ≥ 1015GeV (16)
Grand unification is not a low-energy phenomenon!
After these general remarks, let us try to find some examples: U(1) ⊗
SU(2) ⊗ SU(3) is of rank 4 (i.e. there are four generators which commute:
one of U(1), one of SU(2) and two of SU(3)). Therefore, let us first look
for a grand unification group of rank 4. I list all possible candidates:
[SU(2)]4, [SO(5)]2, [G2]
2, SO(8), SO(9), Sp(8), F4, [SU(3)]
2 , SU(5)
The first two are excluded because they have no SU(3) subgroup. The
next five admit no complex representations, therefore they cannot accom-
modate the observed families where, as we already saw, the right- and left-
handed particles do not transform the same way. (I again assume that
no unobserved fermions will complete a given representation). Finally, in
SU(3)⊗SU(3) quarks and leptons must live in separate representations be-
cause the leptons have no colour. But ΣQquarks 6= 0 and the same is true for
leptons. This leaves us with SU(5) as the only candidate of a Grand Unified
Theory (G.U.T.) group of rank 4. It is the simplest and, although, as we
shall see, it has many shortcomings, it can be considered as the “standard
model” of grand unification.
The gauge bosons belong to the 24-dimensional adjoint representation.
It is useful to decompose it into its SU(2)⊗ SU(3) content. We find:
24 = [(2, 3) ⊕ (2, 3¯)] ⊕ (1, 8) ⊕ [(3, 1) ⊕ (1, 1)]
↓ ↓ ↓(
X
Y
)
Q = 4/3
Q = 1/3
gluons W±, Z0, γ
(17)
where the first number denotes the SU(2) and the second the SU(3) rep-
resentation. The known vector bosons can be identified as the eight gluons
of Q.C.D. in the (1, 8) piece, (a singlet of SU(2) and an octet of SU(3)), as
well as the electroweak gauge bosons W , Z and γ in the (3, 1)⊕ (1, 1) piece.
We are left with twelve new ones, called X and Y , with electric charges 4/3
and 1/3 respectively, which transform as a doublet of SU(2) and a triplet
and anti-triplet of SU(3). They must be heavy, according to the limit (16).
Let us now come to the matter-field assignment. We shall try to put
all the two-component spinors of a family in a representation (not neces-
sarily irreducible) of SU(5). But before doing so, we observe that all gauge
couplings, being vectorial, conserve helicity. Therefore, we cannot put right-
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and left-handed spinors in the same representation. We go around this prob-
lem by replacing all right-handed spinors by the corresponding left-handed
charge conjugate ones. A quick glance at the representation table of SU(5)
suggests to use each family in order to fill two (or three, if a righthanded neu-
trino exists) distinct, irreducible, representations: the 5¯ and the 10. Their
SU(2) ⊗ SU(3) content is:
5¯ = (1, 3¯)⊕ (2, 1) (18)
10 = (2, 3) ⊕ (1, 3¯)⊕ (1, 1) (19)
The identification is now obvious. We often write these representations
as a five-vector and a five by five antisymmetric matrix. Comparing (1) with
(18) and (19) and using (14), we find:
5¯ =


dc1
dc2
dc3
e−
−νe


L
= ψLa 10 =


0 uc3 −uc2 −u1 −d1
0 uc1 −u2 −d2
0 −u3 −d3
0 −ec
0


L
= ψabL
(20)
If we have a right-handed neutrino, it must be assigned to the singlet
representation of SU(5). This is an unpleasant feature. In the absence of a
νR we could say that the choice of SU(5) was “natural”, in the sense that it is
the only group with an acceptable 15-dimensional representation (although
not an irreducible one). As we shall see, with 16 dimensions, other choices
are aesthetically more appealing. A technical remark: It is important to
notice that the sum of these representations is anomaly-free.
Let us finally study the Higgs system. The first symmetry breaking goes
through a 24-plet of scalars Φ(x). It is convenient to represent the 24 as a
5 × 5 traceless matrix. The vacuum expectation value which breaks SU(5)
down to U(1) ⊗ SU(2)⊗ SU(3) is proportional to the diagonal matrix:
λ24 =
1√
15


1
1
1
−3/2
−3/2

 (21)
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SU(3) is defined to act on the upper three components of the five-
dimensional space and SU(2) on the lower two. The potential for the Φ(x)
field can be written as:
V (Φ) = −1
2
m2Tr(Φ2) +
h1
4
[Tr(Φ2)]2 +
h2
2
Tr(Φ4) (22)
The vacuum expectation value of Φ is determined by the minimum of
V (Φ). It is easy to show that, for h1 and h2 positive, this minimum is
precisely V λ24 with
V 2 = m2
[
h1 +
7
15
h2
]−1
(23)
Notice that if h2 < 0 with h1 > 0 the direction of breaking is instead
SU(5)→ U(1)⊗ SU(4).
Can we use the same 24-plet of Higgs in order to obtain the second
breaking of the standard model? The answer is no for two reasons: First,
the 24 does not contain any (2, 1) piece (see eq. (17)) which is the one
needed for the U(1)⊗ SU(2)→ U(1)e.m. breaking. Second, the 24 does not
have the required Yukawa couplings to the fermions. Indeed with the 5¯ and
10 assignment the fermions can acquire masses through Yukawa couplings
with scalars belonging to one of the representations in the products:
5¯⊗ 10 = 5⊕ 45 (24)
10⊗ 10 = 5¯⊕ 4¯5⊕ 5¯0 (25)
We see that the 24 is absent while the 5 looks promising. If H(x) is a
five-plet of scalars, the complete potential of the Higgs fields is:
VHiggs = V (Φ) + V (H) + V (Φ,H) (26)
with V (Φ) given by (22) and
V (H) = −1
2
µ2H†H +
1
4
λ(H†H)2 (27)
V (Φ,H) = αH†HTr(Φ2) + βH†Φ2H (28)
We can show that, for an appropriate range of the parameters m2, µ2,
h1, h2, λ, α and β, we obtain the desired breaking.
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< Φ >0∼ V


1
1
1
−3/2 − ǫ/2
−3/2 + ǫ/2

 (29)
< H >0∼ v


0
0
0
0
1

 (30)
The small number ǫ in (19) is due to the mixed terms V (Φ,H) in the
potential and it causes a breaking of SU(2)⊗U(1) already from the vacuum
expectation value of Φ. We must have ǫ≪ 1, otherwise the breaking of the
standard model would have been of the same order as that of SU(5). Using
the potential (26) we find:
ǫ =
3βv2
20h2V 2
+O
(
v4
V 4
)
(31)
which means that ǫ must be of the order 10−28. It is hard to see how such a
number may come out for generic values of the coupling constants. This is
part of the famous hierarchy problem which we encountered already in the
previous lecture and, as we shall explain in the next section, plagues all grand
unified theories. In the case of SU(5) this problem has two aspects: The
first is the general problem of the two widely separated symmetry breaking
scales. We expect to have V 2 ∼ m2Φ and v2 ∼ m2H . But the presence of the
mixed terms in V (Φ,H) induces a (m2H)eff of the order of V
2, unless the
parameters of the potential are very finely tuned. The second is related to
the five-plet of Higgs H which, under U(1)⊗SU(2)⊗SU(3), is split as shown
in equation (18). The SU(2) doublet is used for the electroweak breaking
and must have a mass of the order of v2. The SU(3) triplet components,
however, can mediate baryon number violating transitions and should be
superheavy of the order of V 2. Again there is no natural way to obtain such
a doublet-triplet splitting without a fine tuning of the parameters in the
potential.
The fermion masses are due to the vacuum expectation value of H.
Looking back at the assignment (20) we see that the up-quarks take their
masses through (25) while the down quarks and the charged leptons through
(24).
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This discussion answers the first question, namely it shows that there
exist groups which have the required representations to be used for grand
unification. Let us now turn to the second question, namely the study of
the dynamical consequences of G.U.T.s.
3.2 Dynamics of G.U.T.s
3.2.1 Tree-level SU(5) predictions
Let us first examine the dynamical predictions of SU(5) at the Lagrangian
level without taking into account higher order effects. There are several such
predictions:
(i) The first concerns the coupling constants. SU(5) is a simple group
and hence it has only one coupling constant g. On the other hand in nature
we observe three distinct ones, g1, g2 and g3, corresponding to each one of the
factors of the standard model U(1)⊗ SU(2)⊗ SU(3). The naive prediction
would be g1 = g2 = g3. However, we must be more careful with the relative
normalisations. For non-abelian groups, like SU(2), SU(3), or SU(5), the
normalisation of the generators is fixed by the algebra, which is a non-linear
relation. So the question arises only for U(1). In the Standard Model the
U(1) generator Y is related to the electric charge and the third component of
weak isospin t3 by Q = t3−Y . For the embedding of U(1)⊗SU(2)⊗SU(3)
into SU(5), all generators must be normalised the same way. Let us choose
the normalisation by requiring Tr(JiJj) = Rδij where R is a constant which
may depend on the representation we use to compute the trace, but it is
independent of i and j. Let us now compute Tr(t3
2) using, for example,
the electron family. We find Tr(t3
2) = 2. Similarly we find Tr(Y 2) =
10/3. Therefore we see that for the embedding, the U(1) generator must be
rescaled by Y → cY with, c2 = 5/3. Therefore, the tree-level prediction of
any grand unified theory based on a simple group is
g2 = g3 = g sin
2θW =
g1
2
g12 + g22
=
g2/c2
g2/c2 + g2
=
3
8
(32)
(ii) Fermion masses: Fermion masses are generated through the same
mechanism as in the standard model, i.e. through Yukawa couplings with
Higgs scalars. Therefore they depend on the particular Higgs system one
assumes. In the minimal SU(5) model with only a 5-plet of Higgs we see in
equations (24) and (25) that we have two independent coupling constants
for each family. The up-quarks take their masses through (25), while the
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Figure 7: Some diagrams contributing to proton decay
down ones and the charged leptons through (24). This last property implies
the relations:
md = me ms = mµ mb = mτ (33)
It is obvious that these predictions are lost if we assume a more compli-
cated Higgs system, for example by including higher dimensional represen-
tations.
(iii) Baryon and lepton number violation: X, Y , or heavy Higgs boson
exchanges lead to baryon and lepton number violation. In Figure 7 we depict
some diagrams contributing to proton decay. In SU(5) the main decay mode
is expected to be p→ π0e+ with a branching ratio of the order of 30− 40%
followed by p → ωe+ or p → ρ0e+. The neutrino modes, such as p → π+ν¯,
are expected to be rare (∼ 10% or less). Bound neutrons are also expected
to decay with n→ π−e+ being the dominant mode. All these decay modes
are easily detectable. The overall life-time depends on the masses of the
superheavy gauge bosons X and Y (see eq. (15)).
Finally we remark that the SU(5) Lagrangian, including the Yukawa
couplings, is invariant under a U(1) group of global phase transformations:
ψab → eiθψab ψa → e−3iθψa Ha → e−2iθHa (34)
with all other fields left invariant. One can verify that this global symmetry
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is also anomaly free. The non- zero vacuum expectation value of H seems to
break this symmetry spontaneously. This sounds disastrous since it normally
leads to the appearance of a truly massless Goldstone boson. However we
are saved because the symmetry is not really broken, it is simply changed.
We can check immediately that, even after the translation of the Higgses,
the linear combination J+4Y remains as a global symmetry, where J is the
generator of (34) and Y the U(1) part of SU(5) given by (21). The conserved
charge of this symmetry is the differenceB−L of baryon and lepton numbers.
This conservation has some very important consequences. In particular, it
gives some precise predictions for the nucleon decay properties. For example
p→ e+π0 or n→ e+π− are allowed but n→ e−π+ is not. The same is true
for n − n¯ oscillations which violate B − L. As we shall see, this property
remains true (or nearly true) in many grand unified models.
3.2.2 Higher order effects
The tree-level predictions (32) or (33) are in violent disagreement with ex-
periment. It is therefore important to study the effects of higher order. For
this purpose it is necessary to go with some detail into the renormalisation
program of the theory. Since this analysis has appeared already in many
places, I shall not present it in these lectures. I shall give only the main
results.
The idea is that predictions, such as (32), are consequences of the full
symmetry and can only be true at energies well above M where the SU(5)
breaking can be neglected. Similarly for the mass relations (33) which follow
from the equality of the Yukawa coupling constants, again a property valid
only in exact SU(5). In order to compare these predictions with the real
world we must extrapolate to present day energies. These extrapolations
can be performed using the equations of the renormalisation group. Several
assumptions enter in this procedure. The most important one is connected
with the very idea of grand unification. We must assume that we know
all fundamental physics, in particular the entire spectrum of elementary
particles, from our accelerators, to energies of 1016GeV or higher. As we
shall see, the results are sensitive to the possible existence of new thresholds
at high energies.
In their simplest form, the renormalisation group equations for the evo-
lution of the gauge coupling constants take the form:
gi
−2 = gj
−2 + 2
∫ λ
0
dx
x
[bi
0(x, α) − bj0(x, α)] (35)
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where i, j = 1, 2, 3 denote the three physical coupling constants of the
Standard Model, bi
0 are the one-loop coefficients of the corresponding β-
functions, λ = −M2/p2 is the mass-scale measured in units of M2 and α
represents all other mass variables, always in units ofM2, such as the masses
of the remaining physical Higgs particles. Fortunately, it turns out that the
dependence on α is very weak. If we ignore it, we obtain two equations with
one unknown, the value of M . We can use, as input, the experimentally
measured effective strengths of strong, electromagnetic and weak interac-
tions at moderate (say p2 ∼ 10 − 100GeV 2) energies. The consistency of
the scheme is verified by comparing the two values of λ obtained by the two
independent equations (35). It is usually presented in terms of a plot to
see whether the three running coupling constants “meet”. Alternatively, we
can use one of the equations to determine λ and the other to predict the
physical value of the third coupling constant and compare with experiment.
Traditionally, this is expressed as a prediction for sin2θW . A precise calcu-
lation must take into account the two-loop effects, as well as the breaking of
U(1)⊗SU(2). In fact it turns out that the value of sin2θW is quite sensitive
to this last breaking. The result is presented in Figure 8. As we can see,
the agreement with experiment is only qualitative. The three curves do not
really come together. As we shall see in section 4.6, the agreement becomes
spectacular if we include supersymmetry.
A final remark: Some students have asked the question of the pre-
cise meaning of the statement “the three curves meet”. In fact, they are
not supposed to meet. At any finite energy SU(5) is broken down to
U(1) ⊗ SU(2) ⊗ SU(3). It is only asymptotically at infinite energy that
the breaking can be neglected. At any finite energy we have three distinct
coupling constants. The plots showing the coupling constants meeting at
the grand unification scale are obtained in the so-called “step function ap-
proximation” in which we treat the mass M of any particle, such as the
superheavy bosons, as infinite at scales smaller than M and zero at scales
larger than M . The exact treatment is not very difficult to perform and
gives curves such as the one shown in Figure 9.
A similar treatment can be applied to the Yukawa couplings and, there-
fore, to the fermion masses. The couplings to leptons and quarks, which are
equal at M2, evolve differently under the renormalisation group, because
the leptons have no strong interactions. The study is reliable only for the
relatively heavy particles (τ -lepton and b-quark) because at low energies the
strong interaction coupling constant becomes large and perturbation theory
breaks down. In a simplified form, the result can be written as
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Figure 8: The renormalisation group evolution of the inverse coupling con-
stants α−1i , i = 1, 2, 3 of the three Standard Model groups U(1), SU(2)
and SU(3) without supersymmetry, (dashed lines) and with supersymme-
try, (solid lines). For the supersymmetric case the uncertainties are also
shown. The calculations include two loop effects.
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Figure 9: Detail of the region around the grand unification scale using exact
two-loop β-functions.
mb
mτ
=
[
αs(Q = 2mb)
αs(Q =M)
] 12
33−F
(36)
where αs is the strong interaction coupling constant evaluated at Q = 2mb ∼
mY (the upsilon mass) and atM ∼ 1016GeV respectively, and F is the num-
ber of families. For F = 3 we find a very good agreement with experiment,
while the agreement gets much worse with increasing F. This result was ob-
tained before LEP established the existence of precisely three families and
it is considered as the second successful prediction of grand unified theories.
3.3 Other Grand Unified Theories
In the previous section we examined in some detail the grand unified model
based on the group SU(5). The main reason for this choice was its simplic-
ity. In fact, as we mentioned already, this simplest model does not quite
fit the experimental data. However, the general properties remain the same
in practically all models and the methods we developed can be applied in
a straightforward way to every other model, although the detailed numer-
ical results may differ. In this section we shall briefly present some other
“classical” grand unified theories and we shall try to explain their respective
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merits.
3.3.1 A rank 5 G.U.T.: SO(10)
The SU(5) model, in its simple and most attractive version, has no natural
place for a right-handed neutrino. We must add it as an extra singlet. The
only simple group which can be used for grand unification without need for
a singlet representation and without introducing exotic fermions is SO(10).
It is a group of rank 5, which means that the corresponding algebra has
five commuting generators. For SU(5) we had proven that it was the only
acceptable group of rank 4. Similarly, we can prove that SO(10) is the only
one of rank 5. The proof goes along the same lines: we list all possible
candidates and we eliminate the unacceptable ones. Some examples:
-[SU(2)]5: no SU(3) subgroup.
-SO(11), Sp(10): no complex representations, no 15- or 16-dimensional
representations.
-SU(6): It has a 15-dimensional representation but its decomposition in
SU(2)⊗SU(3) shows that it cannot accommodate the members of a family.
One finds:
15 = (2, 3) ⊕ (1, 3¯)⊕ (1, 3) ⊕ (2, 1) ⊕ (1, 1)
The troublesome piece is the (1,3) which is a singlet of SU(2) and triplet
of colour rather than an anti-triplet.
The final candidate is SO(10) which has a 16-dimensional irreducible
representation. SO(10) contains SU(5) as a subgroup and the 16-plet de-
composes under SU(5) into:
16 = 10⊕ 5¯⊕ 1 (37)
i.e. we find our old 5¯ and 10 as well as a singlet. The obvious interpretation
of this last one is a right-handed neutrino (or νcL).
The salient features of this G.U.T. are the following: The gauge bosons
belong to a 45-dimensional (adjoint) representation which under SU(5) de-
composes as:
45 = 24⊕ 10⊕ 1¯0⊕ 1 (38)
An interesting property of the model is that all members of a family,
enlarged with a right- handed neutrino, belong to a single irreducible repre-
sentation, the 16-dimensional spinorial representation we mentioned above.
In this respect the family structure seems more natural in SO(10) as com-
pared to SU(5). On the other hand, again no explanation is offered for the
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observed number of families. It is also interesting to point out that SO(10)
has no anomalies. Another interesting feature is that B − L is now a gauge
generator. It must be spontaneously broken otherwise there would remain a
massless photon coupled to it. However this violation does not lead to any
observable effects in nucleon decay because the branching ratio of forbidden
to allowed decays is predicted to be very small.
In the long journey from SO(10) down to U(1)⊗SU(2)⊗SU(3), nature
may choose various paths. She can take the direct road (just one big break)
or she may decide to go through one, or more, of the intermediate subgroups:
SO(10)→


→
→ SU(5)→
→ SU(5) ⊗ U(1)→
→ SU(4)⊗ SU(2)⊗ SU(2)→
→ SU(4) ⊗ SU(2)⊗ U(1)→
...


→ U(1) ⊗ SU(2)⊗ SU(3)
(39)
The Higgs system depends on the breaking pattern we choose, but, in
any case, it is more complex than that of SU(5). Several representations
are necessary.
The main experimental prediction of SO(10), which differs substantially
from that of SU(5), concerns the neutrino mass. The presence of νR allows
for a Dirac mass ν¯RνL and the violation of B − L allows for a Majorana
term. The Dirac mass term comes presumably from a Yukawa coupling to
a Higgs scalar and, therefore, it is an adjustable parameter, like any other
fermion mass in the theory. A priori one expects a term of the same order of
magnitude as the up quark masses. The problem then is how to make sure
that the physical neutrino masses are sufficiently small. The main remark
here is that the Majorana mass, which comes from the superheavy breaking,
is expected to be large, of the order of the SO(10) symmetry breaking scale.
The resulting neutrino mass spectrum will depend on the details of the Higgs
system. For example if SO(10) is broken through the vacuum expectation
value of a 126-plet of Higgs scalars, the neutrino mass matrix for one family
takes the form:
(ν¯L, ν¯
c
L)
(
0 mD/2
mD/2 M
)(
νcR
νR
)
(40)
where mD and M are the Dirac and Majorana masses. As explained above
one expects mD ≪ M . Then the SU(2) doublets and singlets will be ap-
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proximate mass eigenstates with masses m2/4M and M respectively. For
mD ∼ 1 GeV andM ∼ 1016GeV we find a negligibly small mass for the dou-
blet neutrino of order 10−7eV. Of course one also expects mixings among
the three families but they are very model dependent. Let me also mention
that, even if the Majorana mass term is forbidden in the tree approxima-
tion, (for example, if B−L is not broken through the 126 but through a 16
representation), it may be generated in higher orders through a particular
two-loop diagram. The value of M is suppressed in this case by coupling
constants and the resulting neutrino mass may be of the order of 1 eV or
higher.
The moral of the story is two fold: First, the theory offers, through the
spontaneous breaking of B − L, a natural mechanism to obtain very light
neutrinos and second almost any desired pattern of masses and mixings can
be reproduced by adjusting the parameters of an already rather complicated
Higgs system.
3.3.2 Other models
I assume that it is by now obvious that a large variety of grand unified
theories can be obtained by playing around with elementary group theory
and Higgs representations. This partly explains the popularity that G.U.T.s
have enjoyed for more than thirty years. There is no point in giving a
complete list of all models which claim agreement with data, which is usually
the case for published models. Let me only mention some examples of
“special purpose” models, i.e. models constructed specifically in order to
reproduce a particular feature of the data.
1) Exceptional groups: An aesthetically unattractive feature of all mod-
els based on unitary, orthogonal or symplectic algebras is that these form
infinite series, so it may be hard to understand why any one in particular
would provide the basis for a fundamental theory. Exceptional groups on
the other hand are unique, they are just G2, F4, E6, E7 and E8. The first
one is excluded because it is too small to contain SU(3) as a subgroup. The
others could, in principle, be used as candidates for G.U.T.s. I shall briefly
describe two of them, E6 and E8.
E6: It is the most attractive exceptional group for grand unification. It
is the only one which admits complex representations and, from the group
theory point of view, it can be considered as the natural extension of SU(5)
and SO(10). Indeed, based on the Dynkin diagram pattern, one could define
exceptional algebras E4 and E5 as isomorphic to SU(5) and SO(10) respec-
tively. Of course, E6 contains SO(10) and a fortiori SU(5), as subgroups.
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Furthermore it is “safe”, i.e. it is automatically anomaly-free. Its funda-
mental representation has 27 dimensions and, under SO(10) and SU(5),
decomposes as:
27
SO(10)−→ 16⊕ 10⊕ 1 SU(5)−→ 10⊕ 5¯⊕ 1⊕ 5⊕ 5¯⊕ 1 (41)
The 78-dimensional adjoint representation decomposes as:
78
SO(10)−→ 45⊕ 16⊕ 1¯6⊕ 1
SU(5)−→ 24⊕ 10⊕ 1¯0⊕ 1⊕ 10⊕ 5¯⊕ 1⊕ 1¯0⊕ 5⊕ 1⊕ 1
(42)
There are several inequivalent possibilities of constructing grand unified
theories based on E6 and, in this section, I shall mention only one which sat-
isfies the following requirements: (In a later section we shall study different
uses of E6 coming from super-string inspired models)
(i) All fermions of one family belong to the same irreducible representa-
tion.
(ii) All unobserved, fermions get naturally superheavy masses.
(iii) All required Higgs scalars belong to representations appearing in the
product of two fermion representations. This last requirement means that
the Higgs scalars can be viewed as fermion-anti-fermion bound states.
We shall assign the fermions of each family to the 27 fundamental rep-
resentation which, therefore, contains new, unobserved fermions. The Higgs
fields must belong, according to (iii) above, to one, or more, of the repre-
sentations:
27 ⊗ 27 = (27⊕ 351)S ⊕ 351A (43)
The important observation comes from the decomposition (41). Out of
the 27 fermions of a family, 12 (i.e. 5⊕5¯⊕1) can take an SU(5) invariant (and
a fortiori U(1)⊗ SU(2) ⊗ SU(3) invariant) mass. Therefore these fermions
are expected to have masses of the order of 1016GeV (this is sometimes
called “the survival hypothesis”). It is easy to check that with the Higgs
system (43) this indeed happens. This explains why only 15 light fermions
are observed in each family.
The simplest symmetry breaking pattern of this model goes through
SO(10), although others have also been considered. The detailed predic-
tions, including some interesting speculations concerning the fermion mass
spectrum, are model dependent.
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E8 : If uniqueness is an important criterion for choosing the group of
grand unification, then E8 is the most prominent candidate. Its unique fea-
tures include: (i) It is the largest exceptional group with a finite dimensional
Lie algebra. (ii) It contains E6, and, thus, SO(10), SU(5) etc, as subgroups.
(iii) It is the only simple Lie group whose lowest dimensional representa-
tion is the adjoint. This offers the possibility of putting fermions and gauge
bosons in the same, lowest dimensional, representation. In fact, E8 has a
natural, built-in, supersymmetry, as we shall see later. It is the symmetry
group which appears automatically in some superstring models. These are
the good news. Now the bad news: The adjoint representation has dimen-
sion 248, so a large number of new gauge bosons and fermions is required.
Similarly, the necessary Higgs representations are enormous, the simplest
version using the 3875 dimensional representation. On the other hand, we
can put all the 48 known fermions, together with many unknown ones, in
the same 248 representation. After symmetry breaking, we can arrange to
have three light SU(5) families (5¯⊕ 10) and three heavier (∼ 1TeV), conju-
gate ones (5⊕ 1¯0). All other fermions become superheavy. E8 has only real
representations, so the theory is “vector-like”, i.e. there are equal numbers
of right- and left-handed fermions and, before symmetry breaking, we can
write the theory using only vector currents.
2) Models with horizontal symmetries: The motivation behind this ap-
proach is to understand the apparent repetition in the family structure.
In the standard model, as well as the simplest grand unified theories, the
fermions for each family form a representation and the scheme is supposed
to be repeated for every new family. Obviously, such an approach does not
offer any insight into the reason why nature chooses to copy itself, neither
does it give any hint on the total number of copies. Following once more
the standard path, physicists tried to answer this question by enlarging the
symmetry with the introduction of “horizontal” symmetries which relate
the families, thus providing, in principle, information on their number, as
well as on their masses, mixing angles etc. Although discrete symmetries
can and have been used, I shall only discuss some attempts to enlarge the
gauge group. Continuous global symmetries must, in general, be avoided,
because they offer a less rich structure and, furthermore, if spontaneously
broken, they lead to the appearance of unwanted, physical, massless, Gold-
stone bosons. We are thus left with gauge symmetries. Among the most
attractive models, are the ones in which the horizontal symmetry is unified
with the same coupling constant with the other gauge interactions. Inter-
esting examples of SU(n), SO(n) or exceptional groups have been built.
Concerning SU(n), one can show that there is no group with an irreducible,
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complex, anomaly-free representation with no bizarre fermions (i.e. fermions
belonging to high colour representations). So one often uses complicated
patterns of irreducible representations in order to cancel anomalies. Models
with high n tend to have too many fermions and they are not asymptotically
free beyond the unification scale, although this may not be a problem, since
this scale is close to the Planck mass. Among the models with just three
light families, I mention one based on SU(11) and one based on SU(9). The
latter is asymptotically free. Similarly one can build models based on high
rank orthogonal groups. For example, the 64-dimensional complex spinorial
representation of SO(14) yields two light and two heavy families of opposite
chirality. The real 128-dimensional representation of SO(16) gives four light
families. The 256 representation of SO(18) can give three light families plus
heavy fermions which can be incorporated into a Technicolor scheme. None
of these models give any characteristic predictions which do not depend on
the details of an already quite complex Higgs system. In the absence of any
specific experimental input, one is left with one’s own prejudices for guide.
3.4 Some general consequences of Grand Unified Theories
As we said earlier, the idea of grand unification satisfies our prejudice for a
unified description of elementary particle interactions. On the other hand,
it is fair to admit that there exists, at the moment, no obvious candidate for
such a unification. I shall present here two general consequences of G.U.T.s,
which are independent of any particular model.
3.4.1 The baryon asymmetry of the universe
By placing leptons and quarks in the same irreducible representation, all
grand unified models imply that baryon and lepton numbers are not sep-
arately conserved. A large experimental effort has been concentrated to
detect any trace of proton instability. The result is a higher limit on its
life-time. At present, for the easily detectable decay modes, such as the
π0 + e+ one, this limit is close to 1033 years. In the absence of any direct
observation of baryon number non conservation, physicists have tried to see
its possible effects in cosmology.
In traditional cosmological models baryons and antibaryons were as-
sumed to have been created in pairs since the Hamiltonian conserved baryon
number. The only way to obtain a non-zero baryon number was to put it
in by hand as an initial condition. In the so-called “symmetric” cosmolo-
gies it was argued that, within some range of temperatures (∼1GeV), a
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phase transition occurs which results in a spontaneous symmetry breaking
and thermal radiation becomes unstable against separation of nucleons from
antinucleons. The situation was compared to what happens in a ferromag-
net where a domain structure appears. According to this view the observed
predominance of matter over antimatter is a local effect. The trouble with
this theory is that there is no evidence for the presence of large amounts
of antimatter anywhere in the universe. The rare traces of antinucleons
detected in cosmic rays are compatible with the estimated production of
antimatter in particle collisions and no large-scale annihilations have been
observed. Nevertheless this was the accepted doctrine for many years. The
reason is that in a symmetric cosmological model, where no net baryon
number is put in by hand in the initial conditions, the eventual appearance
of baryon excess requires (i) the violation of C and CP invariance, (ii) the
violation of baryon number conservation and (iii) the departure from ther-
mal equilibrium. The necessity for the first two conditions is obvious since
otherwise there is no distinction between baryons and antibaryons. The
significance of the third one is also very simple: In a stationary universe,
where all interactions are in thermal equilibrium, the particle abundances
are given by Boltzmann’s law which involves only the particle masses. But
CPT invariance guarantees that baryons and antibaryons have equal masses
and, therefore, no net baryon number can possibly be produced. Charge
conjugation is known to be maximally violated in weak interactions. The
violation of CP has been observed already in 1964 in the decays of neutral
kaons. The expansion of the universe provides the necessary departure from
thermal equilibrium. So out of the three necessary conditions only the sec-
ond one, the violation of baryon number, has not yet been experimentally
verified. Grand unified theories provide a theoretical framework for such a
violation and offer the possibility for an estimation of the resulting number
of baryons in the universe. It is worth noticing that the suggestion for a
baryon-antibaryon asymmetry was first made by A.D. Sakharov in 1966,
much before the advent of gauge theories.
Let me describe here a typical scenario for baryon number generation
taking as an example, the SU(5) model. Grand unified theories, together
with the standard cosmological model which is based on classical gravity,
can, in principle, describe the early universe, at times substantially later
than the Planck time of tP ∼ 10−44sec, corresponding to a temperature of
T ∼ 1019.GeV. At earlier times quantum gravitational fluctuations, as well
as other interactions unified with gravity, become strong and no reliable
computations are possible. As the temperature drops the universe under-
goes a series of phase transitions during which the original symmetry of the
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model breaks down to the one observed at present, namely confining Q.C.D.
and electromagnetism. In the simplest SU(5) model these transitions are
the following: At T ∼ 1016GeV, the 24-plet of Higgs develops a non- zero
vacuum expectation value and SU(5) breaks into U(1)⊗SU(2)⊗SU(3). At
T ∼100 GeV, the standard model breaking occurs and U(1)⊗SU(2)⊗SU(3)
breaks to U(1)⊗ SU(3). Still later, at T ∼100 MeV, we have the confining
transition of Q.C.D. during which the quarks and gluons get confined inside
the hadrons. At even later stages of the universe evolution, we have more
transitions which result into nucleosynthesis, hydrogen atom recombination,
etc. In this simple scenario we must add the phase transitions for inflation
and reheating which I shall ignore here.
The number we wish to explain is the observed ratio of baryon number
density to entropy density knB/s ∼ 10−10, or, equivalently the baryon to
photon ratio nB/nγ ∼ 10−9. We shall assume no initial baryon asymmetry
at t ∼ 10−44sec, since it wouldn’t have survived any subsequent inflation
anyway. A net baryon number can be created either through two-particle
collisions or, at T ∼ 1016 GeV, as the result of heavy boson decays. The
latter can be either gauge bosons or Higgs bosons. In more complicated
models than SU(5) there may exist also heavy fermions whose decays violate
baryon number. It is therefore important to compare the rates Γc and ΓX for
collisions and boson decays with the expansion rate of the universeH = R˙/R
as a function of the temperature in order to determine when each of these
processes drops out of thermal equilibrium. This last condition is essential so
that the products of a decay have no chance, by inverse reaction, to recreate
the initial state.
The detailed calculation requires the numerical integration of the Boltz-
mann equation for any specific model. It turns out that the collision term is
relatively unimportant. In the SU(5) model the contribution of the heavy
gauge bosons is also small for essentially two reasons: (i) Their couplings
to fermions are real and CP violation can be introduced only through the
fermion mass matrix. This requires the presence of all three families, i.e. we
must go to a multi-loop diagram. (ii) A simple estimation shows that, by
the time the gauge boson interactions drop out of thermal equilibrium, the
Boltzmann factor has considerably reduced their strength. The dominant
mechanism seems to be the decays of the superheavy Higgs scalar bosons
of the 5-representation. In fact, several 5’s may be necessary. In any case,
since the Higgs sector is the less well-understood aspect of a gauge theory,
no precise, quantitative model-independent conclusions can be drawn. It is
nevertheless remarkable that even a qualitative agreement between theory
and observation can be reached.
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3.4.2 Magnetic Monopoles
The second general feature of grand unified theories I want to present is
the appearance of magnetic monopoles. This discussion will allow us to
introduce the idea of duality, which plays also a crucial role in the theory of
strings and branes.
Abelian magnetic monopoles. The empty-space Maxwell’s equations pos-
sess an obvious invariance under the following interchange of electric and
magnetic fields:
E→ B B→ −E (44)
As a matter of fact, this invariance is much larger and covers the entire
U(1) group of transformations E+ iB→ eiφ(E+ iB). However, as we shall
see presently, only the discreet subgroup (44) could possibly survive in the
presence of sources.
In a compact relativistic notation we can write the equations as:
∂νF
µν = 0 ∂νF˜
µν = 0 (45)
where F˜µν is the dual tensor to Fµν defined as F˜µν = 12ǫ
µνρσFρσ and the
transformation (44) can be written as a duality transformation:
Fµν → F˜µν F˜µν → −Fµν (46)
It is an empirical fact that the presence of matter destroys this symmetry.
Indeed, we have electric charges and electric currents jµ = (ρ, j) but no
corresponding magnetic ones. Maxwell’s equations are:
∂νF
µν = −jµ ∂ν F˜µν = 0 (47)
We can try to restore the symmetry, but then we must introduce a
magnetic current kµ = (σ,k) and write the equations (47) as:
∂νF
µν = −jµ ∂ν F˜µν = −kµ (48)
which are invariant under (46), provided jµ and kµ transform as:
jµ → kµ kµ → −jµ (49)
For example, if the electric current results from the motion of point
electric charges, the magnetic current kµ will result from the motion of
point magnetic charges, i.e. magnetic monopoles.
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The introduction of magnetic charges looks at first sight like a trivial
generalisation of quantum electrodynamics. However, it is easy to see that
this is not so. The usual quantisation procedure is set up in terms of the
vector potential Aµ rather than the electric and magnetic fields Fµν . The
latter is given by Fµν = ∂µAν − ∂νAµ. This last relation implies the van-
ishing of ∂ν F˜
µν and thus the absence of any magnetic current. We conclude
that, in a theory with magnetic monopoles, the vector potential cannot be
a well-defined function of the space-time point x.
In order to get a feeling of what is going on, let us view an isolated
magnetic monopole of magnetic charge g sitting at the origin, as one end of
a solenoid in the limit when the latter is infinitely long and infinitely thin.
The line occupied by the solenoid, say the negative z-axis, is called “the
Dirac string”. An observer will see a magnetic flux coming out of the origin
as if a monopole were present. He won’t realize that the flux is coming back
through the solenoid, because, by assumption, this is infinitely thin. The
total magnetic field is singular on the string and is given by:
B =
g
r2
rˆ + 4πgθ(−z)δ(x)δ(y)zˆ (50)
with rˆ and zˆ being the corresponding unit vectors. The first term represents
the field of the monopole which has the usual point-particle singularity, while
the second is the singular contribution of the string. We can construct a
vector potentialA whose curl isB. Of course, we expect alsoA to be singular
on the negative z-axis. A simple computation, using spherical coordinates,
gives:
A =
g
r
1− cos θ
sin θ
φˆ (51)
where φˆ is the unit vector in the φ-direction. A can be taken to represent
the field of the monopole and indeed this is true everywhere except on the
negative z-axis. Since, by our previous argument, we know that a string-like
singularity must exist, the form (51) is the best we can do. Obviously, the
choice of the negative z-axis as the position of the string is arbitrary and we
could have placed the solenoid along any line from the origin to infinity.
So far the discussion was purely classical. Quantum mechanics brings
a subtle difference. In classical electrodynamics the vector potential Aµ is
not measurable, only the components E and B of Fµν are. In quantum
mechanics however, we can detect directly the presence of Aµ by the Bohm-
Aharonov effect. By moving around electrically charged test particles we
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can discover the magnetic flux coming back through the string. The corre-
sponding change in the phase of the wave function will be:
ψ → e4piiegψ (52)
where 4πg is the flux and e the charge of the test particle. The usual
interference experiment will detect the phase change and hence the presence
of the string, unless exp(4πieg) equals one or
eg = 0,±1
2
,±1, ... (53)
Condition (53) is the famous Dirac quantisation condition. If it is satis-
fied the string is undetectable by any conceivable experiment and we have
obtained a real magnetic monopole. On the other hand, it shows that if
there exists a magnetic monopole in the world, all electric charges must be
quantised, i.e. they must be multiplets of an elementary charge e0 . Sim-
ilarly all magnetic charges must be multiplets of an elementary magnetic
charge g0 such that 2e0g0 is an integer. A particle that has both electric
and magnetic charge is called “a dyon”.
The ’t Hooft-Polyakov monopole. In the Abelian case we saw that mag-
netic monopoles give rise to singular vector potentials. We shall now turn
to non-Abelian theories. We have good reasons to believe that the elec-
tromagnetic gauge group is part of a bigger group which is spontaneously
broken through the Higgs mechanism. The simplest such theory, although
not the one chosen by nature, is the Georgi-Glashow SO(3) model. It is a
theory without weak neutral currents in which the only gauge bosons are
W+,W− and γ. We introduce a triplet of Higgs scalars Φ and we write the
Lagrangian as:
L = −1
4
Gµν ·Gµν + 1
2
(DµΦ) · (DµΦ)− V (Φ) (54)
Gµν = ∂µW ν − ∂νW µ − eW µ ×W ν
DµΦ = ∂µΦ− eW µ ×Φ (55)
V (Φ) =
λ
4
(Φ2 − v2)2
We have written the scalar potential V in a form which exhibits explicitly
the minimum away from the origin in field space and we have not included
any fermions for simplicity.
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From (54) we can compute the corresponding Hamiltonian density.
H = 1
2
3∑
i=1
[E i · E i +Bi ·Bi + (D0Φ) · (D0Φ) + (DiΦ) · (DiΦ)] + V (Φ) (56)
where we have defined the non-Abelian “electric” and “magnetic” fields as
E
i = −G0i and Bi = −ǫijkGjk and the bold-face vectors refer again to the
internal symmetry space. The important point about H is that it is the
sum of positive semidefinite terms. Therefore, the minimum energy solution
will be that for which H = 0. On the other hand, H is invariant under
local SO(3) rotations in the internal symmetry space. However, the only
symmetric solution, i.e. the field configuration
W µ = 0 Φ = 0 (57)
gives H = v2 and thus corresponds to infinite total energy. The zero energy
solution must make each term of (56) vanish. An example of such a solution
is
W µ = 0 Φ = vkˆ (58)
with kˆ being the unit vector in the third direction in the internal symmetry
space. Obviously, since H is gauge invariant, any gauge transform of (58)
will give another zero-energy solution. In particular, there is nothing sacred
about choosing Φ to point along the third direction.
The solution (58), or any transform of it, exhibits the well-known Higgs
phenomenon. The symmetry SO(3) is spontaneously broken since the in-
variance of the solution is reduced to the group of rotations around the third
axis, i.e. U(1). Two of the vector bosons acquire a mass and it is natural to
identify the third one, which remains massless, with the photon.
Up to now we have found two sets of solutions of the equations of motion
given by the Lagrangian density (54). One SO(3) symmetric solution given
by (57) and a whole family of asymmetric ones given by (58) and all its gauge
transforms. The first corresponds to infinite total energy while all the second
ones to zero energy. They describe the family of stable vacuum states. A
natural question is the following: Are there any finite, non-zero-energy, non-
trivial, particle-like solutions? The condition of finite total energy implies
that H must vanish at large distances, therefore, asymptotically, any such
solution will approach one belonging to the family (58).
There is no general method for finding the solutions of coupled, non-
linear, partial differential equations. What is usually done, is to guess a
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particular form of the solution and to simplify the equations. In doing the
guesswork one often tries first to guess the symmetries of the solution. Since
we are looking for a stable particle-like solution (the magnetic monopole)
the solution must be time-independent. Furthermore it will be left invariant
by a group of transformations which is a subgroup of the symmetries of
the equations of motion. In the rest frame of the particle the latter is
G = SO(3) ⊗ SO(3) ⊗ P ⊗ R where the first SO(3) corresponds to spatial
rotations, the second to the internal symmetry, P denotes parity and R the
transformation Φ→ −Φ . In guessing the form of the monopole solution we
shall try to enforce as much of the symmetry G as possible. Invariance under
spatial rotations will force Φ to be asymptotically constant and Gij ∼ rij.
It is easy to verify that this solution has zero total magnetic charge like the
Higgs vacuum solution of eq. (58). On the other hand, since our solution
must approach at large distances one of the internal symmetry breaking
ones, we cannot enforce the second SO(3) either. Finally, both P and R
change the sign of the magnetic charge and cannot be included. Let us
choose, therefore, to impose invariance under SO(3) ⊗ PR where SO(3) is
the diagonal subgroup of SO(3)⊗SO(3) and PR is the product of the two.
We seek solutions of the general form:
Φα = H(evr)
xα
er2
W 0α = 0 (59)
W iα = −ǫαij
xj
er2
[1−K(evr)]
with H and K functions of a single variable. Space and internal symmetry
indices are mixed and the ansatz (59) is spherically symmetric in the sense
that a spatial rotation can be compensated for by an internal symmetry
rotation. Plugging (59) into the equations of motion we obtain a system of
coupled ordinary differential equations for H and K which can be solved,
at least numerically. It is easy to verify that this solution does describe a
magnetic monopole. We can compute the associated magnetic field and we
find asymptotically
Bi → −1
e
xi
r3
(60)
which corresponds to a magnetic charge:
g = −1
e
(61)
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thus obtaining |eg| = 1. Notice that here e is the charge of the boson
which has isospin = 1. If we had included isospin 1/2 fields, for example
isospinor fermions, the symmetry group would have been SU(2) and the
smallest electric charge in the theory would have been |e/2| . We thus recover
the Dirac quantisation condition which states that the minimum magnetic
charge is given by |emingmin| = 1/2. We can also compute the total energy
of the solution which can be interpreted as the classical approximation to
the mass of the monopole. We find:
Mmonopole =
4πv
e
f(λ/e2) (62)
with f a given function of the ratio of the coupling constants. It turns out
that for x = λ/e2 ranging from zero to ten f stays of order one (f(0) = 1,
f(10) ≃ 1.44). Since the mass of the massive vector bosons after spontaneous
symmetry breaking is of order ev, it follows that
Mmonopole ∼Mvector boson/α ∼ 102Mvector boson (63)
B. Julia and A. Zee have generalised the solution (59) by choosing a
non-vanishing Wα0 . They obtained dyon solutions with masses satisfying
Mdyon ≥ v(e2 + g2)1/2. In general, we can obtain multi-charged solutions
with electric charge ne and magnetic charge mg, with n and m integers.
The Dirac quantisation condition is again verified.
The asymptotic form of the Higgs field is obtained from (59) by solving
for H. We find
Φαas = v
xα
r
(64)
i.e. Φas points as in Figure 10. This corresponds to a (singular) gauge
transformation of the Higgs vacuum configuration (58) of Figure 11.
Topologically we can view Φas as mapping the surface at spatial infin-
ity S2 onto the corresponding surface of internal space which is also S2.
Since it is not possible to continuously deform the map of Figure 10 to the
constant map of Figure 11, we conclude that the monopole configuration is
topologically stable and cannot decay to the vacuum. We can understand
this physically as the consequence of conservation of magnetic charge.
We also note that the solution (59) is regular everywhere, including
the origin. The presence of the Higgs field makes possible the existence
of a magnetic monopole solution which not only does not have the Dirac
string singularity, but also it is smooth all the way to r = 0. Therefore the
monopoles are non-singular, finite energy, static solutions of the classical
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Figure 10: The asymptotic form of the Higgs field for the monopole solution
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Figure 11: The Higgs field in the vacuum configuration
equations of motion. It is reasonable to assume, although there is no rig-
orous proof for this, that they survive quantisation and correspond to real,
physical particles. The fact that they have a regular internal structure has
a very important physical consequence: the mass of the ’t Hooft-Polyakov
monopole is calculable, while that of the Dirac one is not. The spectrum
of the stable one-particle states will consist of: (i) a massless photon, (ii)
a pair of charged vector bosons W± with mass of order ev and electric
charge ±e, (iii) a neutral scalar boson with mass of order
√
λv and (iv) a
monopole anti-monopole pair with mass of order v/e and magnetic charge
±g = ∓(1/e).
An interesting simplification occurs in the so-called “BPS” (Bogomolny-
Prasad-Sommerfield) limit which consists of λ → 0+ keeping v fixed and
maintaining the form of the solution (59). In this limit the physical scalar
boson becomes massless, like the photon and gives rise to a new long-range
force. We shall come back to this point presently.
Other gauge groups. In quantum electrodynamics magnetic monopoles
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are a curiosity. They may exist, in which case they have important physical
consequences like the quantisation of electric charge, but nobody forces us
to introduce them. The theory makes perfect sense without them. The
monopole configuration is a singular one for the gauge potential Aµ(x). On
the other hand, we just saw that, if electromagnetism is part of an SO(3)
gauge theory with a triplet Higgs fields, magnetic monopoles are, probably,
part of the physical spectrum. Of course, SO(3), or SU(2), are not the right
invariance groups for physics because they have no room for weak neutral
currents. Could we apply the same reasoning to the gauge group of the
standard model which is SU(2)⊗ U(1) broken to U(1)? Does the standard
model imply the existence of stable magnetic monopoles? The answer is
no even if one enlarges the Higgs content. The reason is that the stability
argument of the previous section does not apply to the standard model.
The argument was based on the fact that there is no SO(3) continuous, non-
singular gauge transformation which can deform the monopole configuration
of eq. (59) to the vacuum one of eq. (58). However, it is easy to see that
this is no more true when the gauge group is SU(2)⊗U(1). The presence of
the U(1) factor makes the ’t Hooft-Polyakov magnetic monopole unstable.
Therefore, the natural application of these ideas is the framework of grand
unified theories which we shall see shortly. Let me here present briefly the
results of the general case which was investigated by P. Goddard, J. Nuyts
and D. Olive.
Let us assume that a gauge theory of a simple group G is spontaneously
broken through the Higgs mechanism to a subgroup H. (In the ’t Hooft-
Polyakov case G was SO(3) and H was U(1)). Goddard, Nuyts and Olive
showed that we can again find magnetic monopole and dyon solutions with
the following properties: If H is not just U(1), the “electric” (and “mag-
netic”) charges are not given by a single number because the fields form
multiplets of H. It turns out that the electric charges are described in terms
of the group H, while the magnetic ones in terms of its dual, denoted by
H∗. The distinction between the two sounds like a mathematical detail
because, for all practical purposes, they are locally isomorphic, like SO(3)
and SU(2). However, we have seen already that such details may be rele-
vant. For example, SU(2) admits half-integer charges while SO(3) does not
and this affects the Dirac quantisation condition. We shall encounter this
problem again when studying monopoles in the grand unified model SU(5).
More precisely, the values of the electric charges can be viewed as vectors ~q
in the weight lattice of H and the magnetic charges as ~g in that of H∗. The
quantisation condition now reads:
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e~q · ~g = 2πN ; N ∈ ZZ (65)
Monopoles and instantons in gauge theories. Up to now we have assumed
that a gauge theory based on a simple group G is described in terms of a
single coupling constant g. This is certainly true in perturbation theory.
However, with monopoles we entered already the non-perturbative regime
and it is well-known that a second coupling constant appears, the CP -
violating θ angle. It corresponds to a new effective term in the Lagrangian
given by:
Lθ =
θe2
32π
∫
d4xF aµν F˜
aµν = θN (66)
where N ∈ ZZ is an integer denoting the number of instantons in the configu-
ration. This term is absent in perturbation theory because it is easy to show
that the integrant is equal to a four derivative and, therefore, the integral
vanishes for field configurations which vanish at infinity. In the presence
of non-trivial boundary conditions (“instantons”) we obtain the topological
answer of (66). In the mathematical literature N is called “the Pontryagin
index”.
F˜ is a pseudo-tensor, so this term, when added to the usual Yang-Mills
Lagrangian, strongly violates CP , so for Q.C.D. we have very severe limits
on the value of θ. The fact that N is an integer implies that θ is an angle,
in the sense that all physical results must be periodic in θ, θ → θ + 2π.
We can repeat the previous analysis and look for monopole and dyon
solutions in a gauge theory including Lθ. For a monopole, we obtain a shift
in the value of the charge given by:
q =
θe2
8π2
g (67)
and, for a dyon, taking into account the Dirac condition:
q = ne+
θe
2π
m ; g =
4π
e
m ; n,m ∈ ZZ (68)
It is useful to introduce a complex representation and write:
τ =
θ
2π
+ i
4π
e2
; q + ig = e(n+mτ) (69)
The BPS bound can be written using this notation as M ≥ ve|n+mτ |.
Monopoles in Grand Unified Theories. In the previous section we argued
in favour of grand unified theories in which one starts with a simple group
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G and, after several spontaneous symmetry breakings, one ends up with
SU(3)⊗U(1). Since SU(2) can be embedded in any simple G, we expect to
find stable monopole solutions in every grand unified theory. This question
was first studied by C.P. Dokos and T.N. Tomaras in 1979.
Indeed, we can give a general proof of this statement. The presence of the
U(1)e.m. factor in the unbroken gauge subgroup of the simple grand unified
group guarantees the existence of smooth, finite-energy, topologically stable,
particle-like solutions of the equations of motion with quantised magnetic
charge. The proof of stability is the direct generalisation of the simple
topological argument given in the previous section. Let us exhibit the grand
unified monopoles in the case of the SU(5) prototype model.
Without going into details, let us try to find the quantum numbers of
the SU(5) monopole using only simple symmetry arguments. Following
Dokos and Tomaras, we can first determine the minimum value of magnetic
charge gmin. Since the minimum value of electric charge is emin = e/3 (the
down- quark) we would expect, na¨ıvely, to have gmin = 3/(2e). However
this is incorrect. The reason is, again, our sloppy way in dealing with group
theory, not paying much attention to the difference between a group and its
Lie algebra. Being more careful, Dokos and Tomaras have established that,
in the case of SU(5), the unbroken group H is only locally isomorphic to
SU(3)⊗U(1). The group H is really the set of SU(5) matrices of the form:

 ue
−iα
e3iα
1

 (70)
with u an element of SU(3). The mapping from SU(3) ⊗ U(1) to H, de-
fined by (u, eiα) → diag(ue−iα, e3iα, 1) is 3 to 1, since the three elements
(u, eiα), (ue2pii/3, ei(α+2pi/3)), (ue4pii/3, ei(α+4pi/3) of SU(3)⊗U(1) are mapped
to the same element of H. In other words, H is the group SU(3)⊗U(1)/Z3,
with Z3 being the centre of SU(3). As a consequence of this, using the
same phase argument of the previous section, we can show that gmin =
[2 · 3 · emin]−1 = [2e]−1 with |e| being again the electron charge. We thus
recover the Dirac quantisation condition.
Let us next identify the SU(2) subgroup of SU(5) which will be used
to construct the symmetry group of the monopole solution. It is clear that
it cannot be a subgroup of SU(3)colour because it must contain electromag-
netism. On the other hand it cannot be the SU(2) of the standard model
as we have already shown. Therefore, we are led to a choice of the form:
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T =
1
2


0
0
τ
0

 (71)
for the SU(2) generators τ . It follows that the monopole magnetic field will
have both ordinary magnetic and colour magnetic components.
From now on, the analysis proceeds like in the previous section. We
can identify the asymptotic form of the solution and obtain a system of
ordinary differential equations. The monopole mass in the classical approx-
imation will be of the order of 102M , with M being the mass of the vector
bosons of SU(5), i.e. the magnetic monopoles of grand unified theories are
superheavy with masses of order 1017GeV, far beyond the reach of any ac-
celerator. On the other hand the lightest monopole is stable. It is amusing
to notice that the only stable elementary particles in a grand unified theory
are the photon, which is massless, the lightest neutrino, the electron and the
monopole. Neutrino decay is forbidden by angular momentum conservation
because the neutrino is the lightest spin-1/2 particle. The stability of the
electron and that of the monopole are guaranteed by the conservation of
electric and magnetic charge. Let me also mention that, although baryons
in grand unified theories may have long life-times, magnetic monopoles act
as catalysers: in their presence baryons decay promptly.
Since monopoles are stable, whichever might have been produced in the
course of the evolution of the Universe have a reasonable chance of being
around to day. The problem of estimating the monopole abundance is there-
fore reduced into that of estimating the rate of monopole production and
that of subsequent monopole-antimonopole annihilation. At the very early
Universe, when temperature was sufficiently high, we expect all symmetries,
which are spontaneously broken today, to be restored. At T > Tc ∼ M we
have the full SU(5) symmetry. But for magnetic monopoles to exist SU(5)
must be broken. Therefore there were no monopoles when T > Tc . They
are produced during the phase transition but the production mechanism is
model dependent. If the phase transition is second order the vacuum ex-
pectation value of the Higgs field undergoes large fluctuations and a domain
structure is established. The resulting domain walls contain topological de-
fects in the Higgs field orientation which give rise to magnetic monopoles. A
rough estimation of their density gives dmonopole ∼ ξ−3 where ξ is the corre-
lation length. Although its precise estimation is difficult, it is certainly less
than the horizon length at temperature T . The latter is of order CMPT
−2,
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where MP is the Planck mass and C depends on the number of massless de-
grees of freedom in thermal equilibrium at temperature T . We thus obtain
a bound for the initial monopole density of the order dmonT
−3 ≥ 10−10. A
similar result is obtained even in the case of a first order phase transition.
Order of magnitude estimations show that the annihilation rate in an ex-
panding Universe does not substantially reduce this number. We are thus
left with a monopole density d ∼ 10−10T 3, i.e. comparable to the baryon
density. This is obviously absurd if we take into account their enormous
mass.
Several mechanisms have been proposed to reduce the number of monopo-
les surviving but the most attractive proposal today is based on the inflation
scenario. During the exponential expansion any initial monopole density is
“inflated away” and reduced to essentially zero. During an eventual subse-
quent reheating new monopoles could be produced but the production rate
depends crucially on the reheating temperature. The final result is model
dependent, but acceptably low densities can be obtained.
The Montonen-Olive duality conjecture. All our quantitative under-
standing of four-dimensional quantum field theories comes from perturbation
theory. The enormous success of the Standard Model testifies to that. On
the other hand we know that such an understanding is necessarily limited.
Many exciting physical phenomena are not accessible to perturbation. The
obvious example is confinement in Q.C.D. The perturbative spectrum of the
theory is described by the Fock space of states of quarks and gluons, but
we know that the asymptotic states are those of hadrons. In a qualitative
way, we attribute this property to the behaviour of the Q.C.D. effective
coupling strength as a function of scale. At short distances the coupling is
weak and perturbative calculations are reliable. At large distances we en-
ter the strong coupling regime and perturbation theory breaks down. If we
had an exact, analytic solution of the quantum field theory, we would have
found the hadrons as complicated functionals of the quark and gluon fields,
describing static, finite energy, particle-like configurations. Physicists have
often tried to guess effective descriptions of Q.C.D. in terms of collective
variables valid at large distances, where the description in terms of quark
and gluon fields is inadequate.
The model with non-abelian magnetic monopoles may provide a simple
example of such a situation. We recall that in the BPS limit, the pertur-
bative, one-particle states of the system, i.e. those corresponding to the
elementary fields in the original Lagrangian, are the massless photon, the
massless scalar and the two spin-one bosons of mass M = ev and elec-
tric charge ±e. The strength of the interaction is given by e. In addition
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the spectrum contains non-perturbative one-particle states, the magnetic
monopoles. Contrary to the gauge bosons, they are not point-particles but
extended objects. Their masses are Mmon = gv and they have a magnetic
charge g = ±1/e. The electric charge is conserved as a consequence of
Noether’s theorem, because it corresponds to an unbroken symmetry of the
Lagrangian. The magnetic charge is conserved as a consequence of the topo-
logical structure of the monopole solution. All this reminds us of the duality
symmetry of Maxwell’s equations (46) and (49).
The complete quantum mechanical properties of this model are not
known. For small e we can use perturbation theory. Notice that in this
case g is large and the monopoles are heavy. When e grows large we enter
the strong coupling regime and perturbation theory breaks down. In this
case g is small and the monopoles are light. C. Montonen and D. Olive
made the following conjecture: This model admits two “dual equivalent”
field theory formulations in which electric (Noether) and magnetic (topo-
logical) quantum numbers exchange roles. The Lagrangian (54) in the BPS
limit gives the first one. The electrically charged gauge bosons are the
elementary fields, e is the coupling constant and the monopoles are the ex-
tended objects. Obviously, this description should be useful when e is small.
In the dual equivalent description the monopoles are the elementary fields,
together with the photon and the massless scalar, g is the new coupling
constant and the electrically charged gauge bosons correspond to extended,
soliton-like, solutions. This will be the useful description for large e. This
is the conservative version of the conjecture. In fact, Montonen and Olive
went a step further: They conjectured that, for this particular model, the
two field theories are identical, i.e. the new Lagrangian is again given by (54)
with g replacing e. The monopole fields and the photon form a triplet under
a new SO(3) gauge group. This may sound strange because the monopole
solution appears to be gauge equivalent to a spherically symmetric one and,
na¨ıvely, we expect the monopole to have zero spin. In fact, the situation is
more involved and a complete calculation of the total angular momentum
of the solution is not easy. We shall come back to this point later.
A proof of this conjecture would require a complete solution of the field
theory, a rather unlikely state of affairs in any foreseeable future. We can
only verify its calculable consequences. So far, such checks have been suc-
cessful. Let me mention only one: We can generalise the classical solution
(59) to one describing any number of well separated monopoles and/or an-
timonopoles at rest. Studying the instantaneous acceleration of such states,
J.S. Manton has found the long-range part of the classical force between two
monopoles. The surprising result is:
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F = −2g
2
r2
opposite charge ; F = 0 same charge (72)
i.e. twice the naively expected attraction for opposite charges and no force
at all for same charges. How does this agree with the known forces between
the electrically charged particles of the model? It does! The classical force
between the two charged vector bosons receives two contributions. The
one photon exchange graph gives a Coulomb force of ±e2/r2, attraction
for opposite charges and repulsion for like charges. The one scalar exchange
graph is always attractive, like all even spin exchanges. It is given by the tri-
linear term in (54), after translation of the scalar field. The result is −e2/r2,
i.e. it doubles the attractive part of the photon and cancels the repulsive
one. Therefore, in a completely independent calculation, we derive the result
(72) with e replacing g.
4 Beyond gauge theories
4.1 The trial of scalars
The purpose of this section is not to destroy, but to fulfil. It is our firm
belief, shared by most physicists, that gauge theories have come to stay.
“Beyond” here does not mean that we propose to replace gauge theories
by something else, but rather to embed them into a larger scheme with a
tighter structure and higher predictive power. There are several reasons for
such a search.
As we said in section 1, gauge theories contain two and possibly three
independent worlds. The world of radiation with the gauge bosons, the world
of matter with the fermions and, finally, in our present understanding, the
world of Higgs scalars. In the framework of gauge theories these worlds are
essentially unrelated to each other. Given a group G the world of radiation is
completely determined, but we have no way to know a priori which and how
many fermion representations should be introduced; the world of matter is,
to a great extent, arbitrary.
This arbitrariness is even more disturbing if one considers the world of
Higgs scalars. Not only their number and their representations are unde-
termined, but their mere presence introduces a large number of arbitrary
parameters into the theory. Notice that this is independent of our computa-
tional ability, since these are parameters which appear in our fundamental
Lagrangian. What makes things worse, is that these arbitrary parameters
appear with a wild range of values. For example, in the standard model, the
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ratio of Yukawa couplings for different fermions equals the ratio of fermion
masses. But mt/me ∼ 105 and mt/mν > 1011. It is hard to admit that such
numbers are fundamental parameters.
The situation becomes even more dramatic in grand unified theories
where one may have to adjust parameters with as many as twenty-eight
significant figures. This is the problem of gauge hierarchy which is connected
to the enormously different mass scales at which spontaneous symmetry
breaking occurs. The breaking of G into U(1) ⊗ SU(2) ⊗ SU(3) happens
at M ∼ 1016 GeV. This means that a certain Higgs field Φ acquires a non-
zero vacuum expectation value V ∼ 1016 GeV. The second breaking, that
of U(1)⊗ SU(2), occurs at µ ∼ 102 GeV, i.e. we must have a second scalar
field H with v ∼ 102 GeV. But the combined Higgs potential will contain
terms of the form Φ2H2 (see eq. (28)). Therefore, after the first breaking,
the H- mass will be given by:
m2H = µ
2 +O(αV 2) (73)
where µ is the mass appearing in the symmetric Lagrangian. On the other
hand I want to remind you that v2 ∼ m2H , so unless there is a very precise
cancellation between µ2 and O(αV 2), a cancellation which should extend to
twenty-eight decimal figures, v will turn out to be of order V and the two
breakings will come together, in other words the theory is not able to sustain
naturally a gauge hierarchy. This grand-fine tuning of parameters must be
repeated order by order in perturbation theory because, unlike fermions,
scalar field masses require quadratically divergent counterterms. The whole
structure looks extremely unlikely. The problem is similar to that of the
induced cosmological constant in any theory with spontaneous symmetry
breaking. I believe that, in spite of its rather technical aspect, the problem
is sufficiently important so that some new insight will be gained when it is
eventually solved.
One possible remedy is to throw away the scalars as fundamental elemen-
tary particles. After all, their sole purpose was to provoke the spontaneous
symmetry breaking through their non-vanishing vacuum expectation values.
In non-relativistic physics this phenomenon is known to occur but the role
of Higgs fields is played by fermion pairs (ex. the Cooper pairs in supercon-
ductivity). Let me also remind you that the spontaneous breaking of chiral
symmetry, which is supposed to be a fundamental property of Q.C.D., does
show the same feature, namely the “vacuum” is formed by quark-antiquark
pair condensates and the resulting Goldstone boson (the pion) is again a
qq¯ bound state. This idea of dynamical symmetry breaking has been stud-
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ied extensively, especially under the name of “Technicolor”. In spite of its
many attractive features, it suffers, up to now, from two main difficulties.
First, the available field theory technology does not allow for any precise
quantitative computation of bound state effects and everything has to be
based on analogy with the chiral symmetry breaking in Q.C.D. Second, no-
body has succeeded in producing an entirely satisfactory phenomenological
model. Nevertheless there is still hope and the scheme has some predictions
which can be tested experimentally in the near future.
4.2 Supersymmetry, or the Defence of scalars
The best defence of scalars is the remark that they are not the only ones
to reduce the predictive power of a gauge theory. As we have already seen,
going through the chain radiation -fermion matter fields- Higgs scalars we en-
counter an increasing degree of arbitrariness. One possibility which presents
itself is to connect the three worlds with some sort of symmetry principle.
Then the knowledge of the vector bosons will determine the fermions and
the scalars and the absence of quadratically divergent counterterms from
the fermion masses will forbid their appearance in the scalar masses.
Is it possible to construct such a symmetry? A general form of an in-
finitesimal transformation acting on a set of fields φi(x), i = 1, ...,m can be
written as:
δφi(x) = ǫa(Ta)
i
jφ
j(x) (74)
where a = 1, ..., n with n denoting the number of independent transforma-
tions, in other words, n is the number of generators of the Lie algebra of the
group we are considering. For U(1) n = 1, for SU(2) n = 3 etc. The ǫ’s are
infinitesimal parameters and Ta is the matrix of the representation of the
fields. Usually the ǫ’s are taken to be c-numbers in which case the trans-
formation (74) mixes only fields with the same spin and obeying the same
statistics. It is clear that, if we want to change the spin of the fields with
a transformation (74), the corresponding ǫ’s must transform non-trivially
under rotations. If they have non-zero integer spin they can mix scalars
with vectors, or spin-1/2 with spin-3/2 fields. This was the case with the
old attempts to construct a relativistic SU(6) theory, with its well-known
shortcomings. If, on the other hand, the ǫ’s are anti-commuting parameters,
they will mix fermions with bosons. If they have zero spin, the transfor-
mations (74) will change the statistics of the fields without changing their
spin, i.e. they will turn a physical field into a ghost. This is the case with
the B.R.S. transformations which describe the quantisation of non-Abelian
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gauge theories and give rise to the appearance of the Faddeev-Popov ghosts.
Here we want to connect physical bosons with physical fermions, therefore
the infinitesimal parameters must be anti-commuting spinors. We shall call
such transformations “supersymmetry transformations” and we see that a
given irreducible representation will contain both fermions and bosons. It
is not a priori obvious that such supersymmetries can be implemented con-
sistently, but in fact they can. In the following I shall give a very brief
description of their properties as well as their possible applications.
4.2.1 Divertimento: Grassmann algebras
We said that the ǫ’s of (74) must be anti-commuting spinors. We shall
present here a formal way to introduce such quantities.
A finite dimensional Grassmann algebra is defined as a formal power
series of n generators x1, x2, ..., xn which anti-commute among themselves.
[xi, xj ]+ ≡ xixj + xjxi = 0 (75)
The coefficients of the power series are complex numbers. The anti-
commutation rule (75) ensures that all x’s satisfy x2i = 0, therefore, a power
series contains at most 2n terms. In other words, a Grassmann algebra
can be viewed as a linear vector space of 2n dimensions. Similarly, given
a function f(z), z ∈ IRn which admits a power series expansion around the
origin, we can define through this power series the function f(x1, x2, ..., xn).
Obviously, any such function is in fact a polynomial.
We shall need two operations on a Grassmann algebra: differentiation
from the left and integration. Since any function is a polynomial, it is
sufficient to define these operations on an arbitrary monomial.
A left derivative d/dx is defined by:
d
dxi
c = 0 ;
d
dxi
xj = δij − xj d
dxi
;
[
d
dxi
,
d
dxj
]
+
= 0 (76)
where c is a complex number.
The concept of integration we shall need corresponds to that of a definite
integral from −∞ to +∞ in real numbers. The important property of the
latter is translational invariance. We therefore define our integrals of func-
tions on a Grassmann algebra by imposing invariance under translations.
Again, it is enough to give the definitions for all monomials. For example,
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for an algebra with only one generator x, the most general function is of the
form f(x) = c1 + c2x and translational invariance of the integral means:∫
f(x)dx =
∫
f(x+ a)dx (77)
and suggests the definitions:
∫
dx = 0 ;
∫
xdx = 1 (78)
The generalisation to arbitrary n is obvious. For a function f(x1, ..., xn)
we find:
f(x1, ..., xn) = c0 + cixi + cijxixj + ...+ c1...nx1...xn (79)
∫
f(x1, x2, ..., xn)dx1...dxn = c1...n (80)
i.e. the integral of a function is the coefficient of the highest term in the
power series expansion. It is in this sense that we often say that integration
in a Grassmann algebra corresponds, in fact, to differentiation. The familiar
result that, after integration of a Gaussian form over fermion fields, the
determinant of the corresponding operator appears in the numerator rather
than the denominator, follows from the definition (80).
A final remark concerns an operation of complex conjugation. A given
Grassmann algebra may admit an operation ( )∗ (involution) with the prop-
erties:
(f∗)∗ = f ; (f1f2)
∗ = f∗2f
∗
1 ; (f1+f2)
∗ = f∗1 +f
∗
2 ; (cf)
∗ = c¯f∗ (81)
where c¯ is the complex conjugate of c. A function f which satisfies f∗ = f
is called “real”. For an even number of generators, a basis that satisfies
(xn+k)
∗ = xk k = 1, ..., n is called involutory.
4.2.2 Divertimento: Majorana and Weyl spinors
In particle physics we use most often Dirac spinors. They have four com-
plex components and describe the degrees of freedom of a massive, spin-1/2
charged fermion, together with the corresponding anti-fermion. From the
group-theory point of view, however, they are not the simplest spin-1/2
representations of the Lorentz group. They form reducible representations,
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which means that we can decompose them into simpler objects. In fact,
we can do so in two ways: the first gives two, four-component, real spinors
(Majorana spinors) and the second two, two-component, complex ones (Weyl
spinors). They are both useful and we give here some formulae which allow
to change from one representation to the other.
In the Majorana representation the γ-matrices have all real elements and
satisfy
[γµ, γν ]+ = 2ηµν ; η00 = −1 (82)
Furthermore, γ25 = −1 and γT5 = −γ5. A Majorana spinor is real in this
representation and ψ¯ = ψT γ0. A useful relation is the following: Let ψ1 and
ψ2 be two Majorana spinors and Γ a four by four matrix. We define Γ˜ by
Γ˜ = −γ0ΓTγ0. Then we can easily verify that
ψ¯1Γψ2 = ψ¯2Γ˜ψ1 (83)
For the basic sixteen matrices γ˜A = γA for 1, γ5 and γ5γµ, while γ˜A =
−γA for γµ and γµγν . The sixteen matrices γA have squares equal to 1. For
any γA define γ
A such that γAγ
A = 1 (no summation). Then, the Fierz
rearrangement formula can be obtained:
(ψ¯1ψ2)ψ3 = −1
4
∑
A
(ψ¯1γAψ3)γ
Aψ2 (84)
We can work out all the formulae in these notes using the Majorana
representation. However, it is often convenient to use spinors with a definite
chirality. Starting from a Dirac, four component complex spinor, we intro-
duce the usual left and right projections (1 ∓ iγ5)/2. In the representation
in which γ5 is diagonal, we obtain the Weyl two-component formalism. For
a two-component spinor ψα α = 1, 2 we write:
(ψα)
∗ = ψ¯α˙ ; (ψα˙)
∗ = ψ¯α ; α, α˙ = 1, 2 (85)
Dotted and undotted indices transform according to complex conjugate
representations of SL(2, C). In this two-dimensional space we raise and
lower indices using the completely antisymmetric tensors ǫαβ and ǫα˙β˙ (ǫ12 =
1): ψα = ǫαβψβ . Notice also that ǫ
αβ = −ǫαβ and similarly for dotted
indices. We also define the usual Pauli matrices. They connect the two
chiralities and have one undotted and one dotted index:
(σµ)αβ˙ = (1 ,σ)αβ˙ ; (σ
′
µ)
α˙β = (1 ,−σ)α˙β (86)
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In the Weyl representation we can choose the γ matrices as:
γµ =
(
0 iσµ
iσ′µ 0
)
; γ5 =
(
i 0
0 −i
)
(87)
In this representation a Majorana spinor has the form:
ψ =
(
ψα
ψ¯α˙
)
(88)
Formula (88) allows us to change from one formalism to the other. Some
useful identities in the Weyl formalism are:
σµσ
′µ = −4 ; σλσµσ′λ = 2σµ ; [(σµ)αβ˙ ]∗ = (σ′µ)α˙β (89)
θαψα = ǫ
αβθβψα = −ǫβαθβψα = −θβψβ = ψβθβ (90)
θα(σλ)αβ˙ θ¯
β˙θγ(σµ)γδ˙ θ¯
δ˙ =
1
2
θαǫαβθ
β θ¯γ˙ǫγ˙δ˙ θ¯
δ˙ηλµ (91)
θαψαθ
βχβ = −1
2
θαθαψβχβ (92)
θαψαλ
βχβ + θ
αλαψ
βχβ + θ
αχαλ
βψβ = 0 (93)
4.2.3 The supersymmetry algebra
We want to find symmetry transformations which generalise (74) with anti-
commuting ǫ’s. Let Am m = 1, ...,D denote the generators of a Lie algebra
and Qα α = 1, ..., d be the elements of a d-dimensional representation:
[Am, An] = f
l
mnAl ; [Am, Qα] = s
β
mαQβ (94)
A graded superalgebra is the algebraic scheme which consists of the
generators Am and Qα if we can find a set of constants r
m
αβ such that
[Qα, Qβ]+ = QαQβ +QβQα = r
m
αβAm (95)
The constraint on the r’s is that they must satisfy the corresponding
Jacobi identities for the set of equations (94) and (95) to be self-consistent.
There exist theorems which give a classification of graded superalgebras
analogous to the Cartan classification of Lie algebras, but we shall not need
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them here. The only superalgebra we shall use is the one in which the Lie
algebra is the Poincare´ algebra with generators Pµ andMµν , and the grading
representation (94) is given by a Majorana spinor Qα:
[Pµ, Qα] = 0 ; [Qα,Mµν ] = iγ
µν
αβQβ (96)
[Qα, Q¯β ]+ = −2γµαβPµ (97)
in which γµν = 14 [γ
µ, γν ]. The defining relations (96) and (97) admit the
Lorentz group SL(2, C) as an automorphism. The components of Q are the
generators of the special supersymmetry transformations. The second rela-
tion of (96) shows only that they have spin 1/2. The first is more important
because it shows that they are translationally invariant. We shall come back
to this point later. The anti-commutation relation (97) is the fundamental
relation of the new symmetry.
An obvious generalisation of (96) and (97) consists of starting from the
Poincare´ algebra ⊗ a compact internal symmetry G with generators Ai.
If the Q’s belong to a certain representation of the internal symmetry, we
write them as Qmα where the index α =1,..,4 labels the components of the
Majorana spinor and m is the index of the internal symmetry, m=1,2,...N .
The algebra now takes the form:
[Ai, Aj ] = f
k
ijAk ; [Pµ, Q
m
α ] = 0 ; [Q
m
α ,Mµν ] = iγ
µν
αβQ
m
β (98)
[Ai, Q
m
α ] = s
m
inQ
n
α ; [Q
m
α , Q¯
n
β ]+ = −2δmnγµαβPµ (99)
The algebra (98) and (99) admits SL(2, C) ⊗G as a group of automor-
phisms.
As an exercise, we ask the reader to rewrite the supersymmetry algebra
using Weyl spinors. For example, (97) becomes:
[Qα, Qβ]+ = [Q¯α˙, Q¯β˙ ]+ = 0 ; [Qα, Q¯β˙]+ = 2(σ
µ)αβ˙Pµ (100)
4.2.4 Why this particular algebra; or all possible supersymme-
tries of the S matrix
The superalgebra (98) and (99) combines in a non-trivial way Poincare´ in-
variance with an internal symmetry. There exists a theorem which states
that, for ordinary algebras, such a combination cannot be a symmetry of a
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unitary S matrix. We can now state, without proof, the generalisation of
this theorem to include superalgebras, i.e. algebras which close using both
commutators and anti-commutators. The remarkable result is that (96) and
(97), or (98) and (99), is essentially the only admissible one. The only
possible extension is to replace the vanishing anti-commutator in (100) with
[Qmα , Q
n
β ]+ = ǫαβZ
mn (101)
where Zmn are a set of central charges, i.e. operators which commute with
every operator in the algebra. Out of the infinitely many ways we can grade
the Poincare´ algebra, only the one we introduced, in which we used a spin
1/2 operator, may be relevant for physics.
4.2.5 Representations in terms of one-particle states
In order to extract the possible physical consequences of supersymmetry, we
must construct the representations of the algebra in terms of one-particle
states, i.e. the one-particle “supermultiplets”. We start by observing that
the spinorial charges commute with Pµ and, therefore, they do not change
the momentum of the one-particle state. Furthermore, the operator P 2
commutes with all the operators of the algebra, which implies that all the
members of a supermultiplet will have the same mass. As it is the case with
the Poincare´ algebra, we can distinguish two cases: P 2 6= 0 or P 2 = 0.
(i) Massive case. We can go to the rest frame in which the r.h.s. of (97)
or (100) becomes a number. Let us first forget about a possible internal
symmetry and consider the case N=1. Eq. (100) gives:
[Qα, Q¯β˙ ]+ = 2Mδαβ˙ (102)
where P 2 = M2. Equation (102) implies that the operators Q/
√
2M and
Q¯/
√
2M satisfy the anti-commutation relations for creation and annihilation
operators of free fermions. Since the index α can take two values, 1 and 2,
and Q21 = Q
2
2 = 0, starting from any one-particle state with spin S and
projection Sz, we can build a four-dimensional Fock space with states:
|S, Sz;n1, n2 >= Qn22 Qn11 |S, Sz > n1, n2 = 0, 1 (103)
We can define a parity operation under which the Majorana spinor Qα,
α = 1, ...4 transforms as:
(Qα)P = (γ
0Q)α (104)
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Then, the spin-parity content of the representation (103) is:
(S − 1/2)η ; Siη ; S−iη ; (S + 1/2)−η (105)
where η = ±i,±1 for S integer or half-integer. Some examples:
S=0 : a scalar, a pseudoscalar, a spinor
S=1/2 : a scalar, a vector, two spinors, (or a pseudo-scalar, a pseudo-vector,
two spinors).
S=1 : a vector, a pseudo-vector, a spinor, a 3/2 spinor.
S=3/2 : a vector, a tensor, two 3/2 spinors.
The generalisation to include internal symmetries is straightforward.
The difference is that now we have more creation operators and the cor-
responding Fock space has 22N independent states, where N is the number
of spinorial charges.
(i) Massless case. Here we choose the frame Pµ = (E, 0, 0, E). The
relation (100) yields:
[Qα, Q¯β˙]+ = 2E(1− σz) = 4Eδα2δβ˙2 (106)
Only Q2 and Q¯2˙ can be considered as creation and annihilation opera-
tors. Starting from a one-particle state with helicity ±λ, we obtain the state
with helicity ±(λ+ 1/2). Some interesting examples:
λ = 1/2 : one spin 1/2 and one spin 1 (both massless)
λ = 3/2 : one spin 3/2 and one spin 2 (both massless)
If we have more than one spinorial charge, i.e. N > 1, we obtain N
creation and annihilation operators. A well- established theoretical preju-
dice is that, if one excludes gravitation, there exist no elementary particles
with spin higher than one. This prejudice is based on the great difficulties
one encounters if one wants to write consistent field theories with high spin
particles. The consequence of such a prejudice is that N = 4 is the largest
supersymmetry which may be interesting for particle physics without gravi-
tation. The reason is that N = 4 contains four creation operators and allows
us to go from a helicity state λ = −1 to that of λ = +1. Any increase in the
number of spinorial charges will automatically yield representations contain-
ing higher helicities. Finally, if we include gravitation, the same prejudice
tells us that we must allow for elementary particles with helicities |λ| ≤ 2.
The previous counting argument now gives N = 8 as the maximum allowed
supersymmetry.
A concluding remark: All representations contain equal number of bosonic
and fermionic states. All states in an irreducible representation have the
same mass.
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4.2.6 Divertimento: Representations in terms of field operators.
Superspace
Our aim is to obtain field theoretical realizations of supersymmetry, there-
fore we look for representations in terms of local fields. Such representations
were first obtained by trial and error, but the most elegant method is to use
the concept of superspace.
We want to find a representation of the supersymmetry algebra (96)
and (97) in terms of differential operators. The natural parameter space
for these operators has eight dimensions, four (the usual Minkowski space)
associated with the operators Pµ and four with the spinors Q and Q¯. The
last four coordinates, however, are not numbers but elements of a Grassmann
algebra. An element of this space will be denoted by zM = (x, θ, θ¯). This
eight dimensional space is called “superspace”.
We can formally integrate the algebra (96) and (97) in order to obtain
a group. A “finite” group element can be defined by:
G(x, θ, θ¯) = ei[θQ+θ¯Q¯−x·P ] (107)
We can multiply two such group elements and, by Hausdorf’s formula
we obtain:
G(y, ξ, ξ¯)G(x, θ, θ¯) = G(y + x− iξσθ¯ + iθσξ¯, ξ + θ, ξ¯ + θ¯) (108)
This means that the group induces a motion of the parameter space into
itself:
G(y, ξ, ξ¯) : (x, θ, θ¯)→ (y + x− iξσθ¯ + iθσξ¯, ξ + θ, ξ¯ + θ¯) (109)
Equation (109) shows that supersymmetry transformations act on super-
space as generalised translations. The required representation of the algebra
(96) and (97) in terms of differential operators can be read off (109):
Qα =
∂
∂θα
− iσµαα˙θ¯α˙
∂
∂xµ
Q¯α˙ = − ∂
∂θ¯α˙
+ iσµαα˙θ
α ∂
∂xµ
(110)
Pµ = i
∂
∂xµ
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A superfield is a function of the superspace element zM : φ...(x, θ, θ¯),
where the dots stand for possible Lorentz tensor or spinor indices. A trans-
formation of the group acts on it as a generalised translation:
G(y, ξ, ξ¯)φ(x, θ, θ¯) = φ(y + x− iξσθ¯ + iθσξ¯, ξ + θ, ξ¯ + θ¯) (111)
The interest of the superfields derives from the fact that, like any function
of Grassmann variables, they are polynomials in θ and θ¯.
φ(x, θ, θ¯) = A(x) + θψ(x) + θ¯χ¯(x) + ...+ θθθ¯θ¯R(x) (112)
where the coefficient functions A(x) (scalar), ψ(x) (spinor) etc. are ordinary
fields, i.e. a superfield is a finite multiplet of fields. Using the transforma-
tion property (111) and expanding both sides in powers of θ and θ¯ we obtain
the transformation properties of the coefficient functions which, under su-
persymmetry transformations, transform among themselves. In this way we
have obtained representations of supersymmetry in terms of a finite number
of fields.
It is easy to see that the representation (112) is a reducible one. We
must be able to impose covariant restrictions on the superfield (112) in
order to decompose it into irreducible representations. For example, we
can verify that the condition on φ to be a real function is a covariant one.
The systematic way to obtain such covariant constraints is to realize that
the algebra (96) and (97) contains the algebra of the Q’s or the Q¯’s as
subalgebras:
[Q,Q]+ = 0 ; [Q¯, Q¯]+ = 0 (113)
We can therefore study the motion of the group on the corresponding
cosets. We can parametrise the group elements as:
G1(x, θ, θ¯) = e
i(θQ−x·P )eiθ¯Q¯ ; G2(x, θ, θ¯) = e
i(θ¯Q¯−x·P )eiθQ (114)
The formulae (112) and (114) give three different but equivalent ways
to represent the group elements and, therefore, lead to three different types
of superfields. Of course, by Hausdorf’s formula we can shift from one to
another, the three representations are equivalent.
G(x, θ, θ¯) = G1(x+ iθσθ¯, θ, θ¯) = G2(x− iθσθ¯, θ, θ¯) (115)
and similarly for the corresponding superfields:
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φ(x, θ, θ¯) = φ1(x+ iθσθ¯, θ, θ¯) = φ2(x− iθσθ¯, θ, θ¯) (116)
The generators Q and Q¯, which on a superfield of type φ, were repre-
sented by the operators (110), when acting on a superfield of type φ1 are
given by:
Q =
∂
∂θ
− 2iσθ¯ ∂
∂x
; Q¯ =
∂
∂θ¯
(117)
and on a superfield of type φ2 by:
Q =
∂
∂θ
; Q¯ = − ∂
∂θ¯
+ 2iθσ
∂
∂x
(118)
We see that, the same way that we were able to impose a reality con-
straint which was invariant for a superfield of type φ, we can, for example,
impose on a superfield of type φ1 to be independent of θ¯, or on φ2 to be
independent of θ. In other words ∂/∂θ¯ is a covariant derivative when it
acts on a superfield of type φ1 and ∂/∂θ on φ2. By a shift (116) we define
covariant derivatives for any type of superfield:
Dαφ =
(
∂
∂θα
+ iσµαα˙θ¯
α˙ ∂
∂xµ
)
φ ; D¯φ =
(
− ∂
∂θ¯
− iθσ ∂
∂x
)
φ (119)
Dφ1 =
(
∂
∂θ
+ 2iσθ¯
∂
∂x
)
φ1 ; D¯φ1 = − ∂
∂θ¯
φ1 (120)
Dφ2 = ∂
∂θ
φ2 ; D¯φ2 =
(
− ∂
∂θ¯
− 2iθσ ∂
∂x
)
φ2 (121)
These differential operators anticommute with the infinitesimal super-
symmetry transformations. They will be very useful when we decide to
construct Lagrangian field theory models.
We can sharpen this analysis and obtain all linear irreducible represen-
tations, but for the purpose of these notes, we shall need only the three that
we mentioned above:
φ1(x, θ) = A(x) + θψ(x) + θθF (x) (122)
similarly for φ2(x, θ¯) and
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φ(x, θ, θ¯) = C +iθχ− iθ¯χ¯+ i
2
θθ(M + iN)− i
2
θ¯θ¯(M − iN)
− θσµθ¯vµ
+ iθθθ¯α˙(λ¯
α˙ − i
2
σα˙µα∂
µχα)− iθ¯θ¯θ(λ+ i
2
σµ∂
µχ¯)
+
1
2
θθθ¯θ¯(D +
1
2
✷C) (123)
where a reality condition on φ has been imposed. The supermultiplet (122)
contains a chiral spinor ψ(x) and it is called “chiral multiplet” while (123)
contains a vector field vµ(x) and is called “vector”. The peculiar notation
in the coefficients of the expansion (123) is used because of historical rea-
sons and also, because it leads to simpler transformation properties under
infinitesimal transformations. For the fields of the chiral multiplet (122), we
get:
δA = ξψ ; δψ = 2iσµξ¯∂
µA+ 2ξF ; δF = i∂µψσµξ¯ (124)
where ξ is the parameter of the infinitesimal supersymmetry transformation.
Two remarks concerning these representations: First, if we compare with
the results obtained in 4.2.5, we see that we have more fields than the phys-
ical one-particle states which are contained in an irreducible representation.
Therefore some of the fields above must turn out to be auxiliary fields.
Their presence is however necessary in order to ensure linear transformation
properties. Second, we notice that the field F in (124) transforms, under
supersymmetry, with a total derivative. In fact, this property turns out to
be always true with the last component in the expansion of a superfield, i.e.
F for a chiral superfield (122), D for a vector (123), etc. We shall use this
property soon.
Before closing this section we must establish a tensor calculus in order to
be able to combine irreducible representations together. This is essential for
the construction of Lagrangian models. Here again the superfield formalism
simplifies our task enormously. All the necessary tensor calculus is contained
in the trivial observation that the product of two superfields is again a
superfield. For example, let S1(x, θ) and S2(x, θ) be two superfields of type
φ1(x, θ). We form the product: S12(x, θ) = S1(x, θ)S2(x, θ). Expanding
both members in powers of θ and identifying the coefficients we obtain:
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A12(x) = A1(x)A2(x)
ψ12(x) = ψ1(x)A2(x) + ψ2(x)A1(x) (125)
F12(x) = F1(x)A2(x) + F2(x)A1(x)− 1
2
ψ1(x)ψ2(x)
Similarly, we can multiply superfields upon which we have acted with
the corresponding covariant derivatives, eqs. (119) to (121) . Two, or more,
superfields of different types cannot get multiplied together. Rather one
should transform them first into superfields of the same type by using the
relations (116) and then multiply them. An interesting example consists of a
chiral superfield S(x, θ) of type φ1 and its hermitian conjugate S¯(x, θ¯), which
is of type φ2. Through (116) we transform both of them into superfields of
type φ:
S(x, θ) = φ(x− iθσθ¯, θ) ; S¯(x, θ¯) = φ¯(x+ iθσθ¯, θ¯) (126)
We now multiply φ and φ¯ and expand in powers of θ and θ¯. We can
verify that the last term in the expansion contains:
....+ θθθ¯θ¯[A✷A∗ − i
2
ψσµ∂µψ¯ + FF
∗] (127)
The first two terms are recognised as the kinetic energy terms of a com-
plex spin-0 field and a two-component Weyl spinor. The last term has no
derivative on the F -field, which shows that F will be, in fact, an auxiliary
field.
The final step is to use this tensor calculus and build Lagrangian field
theories invariant under supersymmetry transformations. As we said earlier,
supersymmetry transformations can be viewed as translations in superspace.
Therefore the problem is similar to that of constructing translationally in-
variant field theories. We all know that the only Lagrangian density invari-
ant under translations is a trivial constant. However, what is important is
to have an invariant action which is obtained by integrating the Lagrangian
density over all four-dimensional space-time. The same must be true for
supersymmetry. Now, the Lagrangian density will be a polynomial in some
superfields and their covariant derivatives, i.e. it will be a function of the
superspace point (x, θ, θ¯). The action will be given by an eight-dimensional
integral over superspace:
I =
∫
L(x, θ, θ¯)d4xd2θd2θ¯ (128)
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By construction, this integral is invariant under supersymmetry. This
invariance can be verified by noticing that only the last term in the expansion
of L in powers of θ and θ¯, the one proportional to θθθ¯θ¯, will survive the
integration (see eq. (80)). But, as we noticed above, the variation of the
last term in the expansion of any superfield, such as an F or aD term, equals
a total derivative. Therefore, their integrals over all space-time vanish. In
fact, one can always work in superspace in terms of superfields and never
write down the component fields explicitly. Feynman rules can be derived
and all the results of the next sections can be obtained in a more direct
way. We shall not use this powerful formalism here for the sake of physical
transparency. In this way the next sections can be understood by the reader
who has not studied this one very carefully.
4.2.7 A simple field theory model
We shall discuss here the simplest supersymmetric invariant field-theory
model in four dimensions, that of a self-interacting chiral multiplet S. We in-
troduced already the kinetic term, eq. (127), and the mass term S2+hermitian
conjugate, eq. (125). For the interaction we choose the term S3+h.c. In
terms of component fields, the complete Lagrangian, after integration over
the Grassmann variables θ and θ¯, reads:
L = − 1
2
[(∂A)2 + (∂B)2 + iψ¯γµ∂
µψ − F 2 −G2] +m[FA+GB − i
2
ψ¯ψ]
+ g[F (A2 −B2) + 2GAB − iψ¯(A− γ5B)ψ] (129)
where we changed the notations in two ways: (i) we separated the real and
imaginary parts of the scalar fields A→ 1/2(A+ iB) and F → 1/2(F + iG)
and (ii), we switched to the Majorana representation for the spinor ψ. m is
a common mass for all fields and g a dimensionless coupling constant. As
we mentioned earlier, F and G are auxiliary fields and can be eliminated
using the equations of motion.
F +mA+ g(A2 −B2) = 0 ; G+mB + 2gAB = 0 (130)
in which case the Lagrangian takes the form:
L = − 1
2
[(∂A)2 + (∂B)2 + iψ¯γµ∂
µψ +m2(A2 +B2) + imψ¯ψ]
− mgA(A2 +B2)− igψ¯(A− γ5B)ψ − 1
2
g2(A2 +B2)2 (131)
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It describes Yukawa, trilinear and quartic couplings among a Majorana
spinor, a scalar and a pseudoscalar. The consequence of supersymmetry is
that all fields have a common mass and all interactions are described in terms
of a single coupling constant. Supersymmetry implies the conservation of a
spin 3/2 current, which is:
Jµ = γλ∂λ(A− γ5B)γµψ − (F + γ5G)γµψ (132)
The Lagrangian (129) is the most general renormalisable supersymmetric
invariant theory of one chiral multiplet. Strictly speaking one could add a
term linear in the field F :
L → L+ λF (133)
Such a term does not break supersymmetry because, as we said earlier,
the variation of F is a total derivative. However, it has no effect in the model
because it can be eliminated by a shift in the field A. The renormalisation of
this theory is straightforward. There are several supersymmetric invariant
regularisation schemes and a conventional one is to introduce higher deriva-
tives in the kinetic energy. The conservation of the current (132) yields Ward
identities among different Green functions and one can easily show that they
can be enforced in the renormalised theory. Two important consequences
follow from these Ward identities: (i) All vacuum-to-vacuum diagrams van-
ish, i.e. no normal ordering is required for the Lagrangian (129). This result
is a consequence of exact supersymmetry and it is valid for every supersym-
metric theory. (ii) The vacuum expectation values of all fields vanish. No
counterterms linear in A or F are needed.
The surprising result, which could not be expected by supersymmetry
considerations alone, is that, in this model, mass and coupling constant
renormalisations are absent. All Green functions, to every order in pertur-
bation theory, become finite if one introduces a single common wave function
renormalisation counterterm. This counterterm is logarithmically divergent
and is present to all orders. The theory is not superrenormalisable.
The absence of mass-renormalisation is a general feature in all theories
which contain chiral multiplets. Since massive vector multiplets (or higher)
lead to non-renormalisable interactions, it follows that no mass counterterms
are needed in supersymmetric invariant theories. This non-renormalisation
theorem makes supersymmetry so central in all attempts to go beyond the
Standard Model. On the other hand, the vanishing of the coupling constant
renormalisation counterterm is special to this particular model.
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4.3 Supersymmetry and gauge invariance
4.3.1 Field Theory Models
A combination of supersymmetry with gauge invariance is clearly necessary
for the application of these ideas to the real world. We shall first examine an
Abelian gauge theory and we shall construct the supersymmetric extension
of quantum electrodynamics.
If vµ is the photon field and φ1 and φ2 the real and imaginary parts of
a charged field, an infinitesimal gauge transformation is given by:
δvµ = ∂µΛ ; δφ1 = eΛφ2 ; δφ2 = −eΛφ1 (134)
where Λ is a scalar function. In order to extend (134) to supersymmetry
we must replace vµ by a whole vector multiplet and let us assume that the
matter fields are given in terms of a charged chiral multiplet. We expect,
therefore, to describe simultaneously the interaction of photons with charged
scalars, pseudoscalars and spinors. It is obvious that if we keep Λ as a scalar
function, the transformation (134) is not preserved by supersymmetry. The
gauge transformation (134) must be generalised so that Λ is replaced by a
whole chiral multiplet.
The construction of the Lagrangian using the superspace techniques we
developed previously is straightforward, but we shall not present it here. We
give instead directly the result with some comments:
First, what kind of particles we expect to find. (i) The photon. By
supersymmetry, it must come together with a fermionic partner, often called
“photino”. It will be described by a neutral, massless, Majorana spinor. (ii)
The electron. Its partners are two massive, charged, spin zero particles, a
scalar and a pseudoscalar. The resulting Lagrangian is given by:
L = − 1
4
(∂µvν − ∂νvµ)2 − i
2
λ¯γµ∂µλ+
1
2
D2
− 1
2
[(∂A1)
2 + (∂A2)
2 + (∂B1)
2 + (∂B2)
2 − F 21 − F 22 −G21 −G22
+ iψ¯1γµ∂
µψ1 + iψ¯2γµ∂
µψ2]
+ m[F1A1 + F2A2 +G1B1 +G2B2 − i
2
ψ¯1ψ1 − i
2
ψ¯2ψ2]
+ evµ[iψ¯1γ
µψ2 −A1∂µA2 +A2∂µA1 −B1∂µB2 +B2∂µB1]
− 1
2
e2vµv
µ[A21 +A
2
2 +B
2
1 +B
2
2 ] + eD(A1B2 −A2B1)
− ieλ¯[(A1 + γ5B1)ψ2 − (A2 + γ5B2)ψ1] (135)
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where vµ is the photon field and λ the field of the photino. The real Majo-
rana spinors ψ1 and ψ2 can be combined together to form a complex Dirac
spinor, the field of the electron. A1, A2, B1 and B2 are the real and imag-
inary parts of two complex, charged, spin-zero fields, a scalar and a pseu-
doscalar. They are the supersymmetric partners of the electron, sometimes
called “selectrons”. As before, the fields F1, F2, G1, G2 and D are auxiliary.
The Lagrangian (135) is invariant under ordinary gauge transformations. In
fact, if we eliminate the auxiliary fields, we obtain the usual interaction of
a photon with a charged scalar, pseudoscalar and spinor field including the
seagull term and the quartic term among the scalar fields. Supersymmetry
has introduced only two new elements: (i) The coupling constant in front
of the quartic self-interaction of the spin-zero fields is not arbitrary, but
it is equal to e2/2 and (ii) new terms, the ones of the last line in (135),
appeared which describe a Yukawa-type interaction between the Majorana
spinor (the photino) and the spin 1/2 and zero fields of the matter multiplet.
The strength of this new interaction is again equal to the electric charge e.
Strictly speaking, (135) is not invariant under supersymmetry transforma-
tions. However a supersymmetry transformation can be compensated by a
gauge transformation, so all physical results will be supersymmetric.
The generalisation to non-Abelian Yang-Mills theories follows exactly
the same lines. For the group SU(m) we have m2 − 1 gauge bosons Wµ
which can be written as an m×m traceless matrix. Their supersymmetric
partners, the “gauginos”, are m2 − 1 Majorana spinors which we write as
another m×m traceless matrix λ. The resulting gauge invariant Lagrangian
is:
L = Tr[−1
4
W 2µν −
i
2
λ¯γµDµλ] (136)
where
Wµν = ∂µWν − ∂νWµ + ig[Wµ,Wν ] ; Dµλ = ∂µλ+ ig[Wµ, λ] (137)
This Lagrangian describes the gauge invariant interaction ofm2−1 mass-
less Majorana fermions belonging to the adjoint representation of SU(m)
with the gauge fields. The surprising result is that it is automatically super-
symmetric, in the same sense as for (135), i.e. a supersymmetry transfor-
mation can be compensated by a gauge transformation. The corresponding
spin 3/2 conserved current is:
Jµ = −1
2
Tr(Wνργ
νγργµλ) (138)
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We observe here the appearance of something like a connection between
“radiation”, i.e. the gauge fields and “matter” multiplets. We shall come
back to this point later.
The introduction of additional matter multiplets in the form of chiral
superfields belonging to any desired representation of the group presents
no difficulties. An interesting result is obtained if one studies the asymp-
totic properties of these theories. The one-loop β-function for an SU(m)
Yang-Mills supersymmetric theory with n chiral multiplets belonging to the
adjoint representation is:
β(g) =
m(n− 3)
16π2
g3 (139)
which means that, for n < 3, the theory is asymptotically free, although it
contains scalar and pseudoscalar particles. This is because, in supersymmet-
ric theories, the quartic couplings of the spin-zero fields are not independent
but they are determined by the gauge coupling constant, see the remark
after eq. (135).
Before closing this section I want to mention a surprising and probably
deep result. Until now we have been considering supersymmetric theories
with only one spinorial generator. We explained already that the generali-
sation to N such generators is possible. We also showed by an elementary
counting that N = 4 is the largest theory we can consider outside gravi-
tation. The remarkable convergence properties of supersymmetric theories,
which led to the non-renormalisation theorems we presented earlier, have
now even more surprising consequences. The most astonishing result is that
the β-function of an N = 4 supersymmetric Yang-Mills theory based on
any group SU(m) vanishes to all orders, the effective coupling constant is
scale independent and does not run. For N = 2 we have an intermediate
result: the β-function receives only one loop contributions. We shall see
that these properties open the way for a non-perturbative understanding of
these theories.
4.3.2 The breaking of supersymmetry
Fermions and bosons are not degenerate in nature, so supersymmetry, if it
is at all relevant, must be broken. We shall first introduce the mechanisms
for spontaneous breaking, which sounds more elegant and involves less ar-
bitrariness and later we shall study the consequences of explicit breaking.
The usual mechanism for spontaneous symmetry breaking is the intro-
duction of some spin-zero field with negative square mass. This option is
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not available for supersymmetry because it would imply an imaginary mass
for the corresponding fermion. It is this difficulty which makes supersym-
metry hard to break. In fact, it would have been impossible to break it
spontaneously if it were not for the peculiar property, which we mentioned
already, namely the possibility of adding to the Lagrangian a term linear in
the auxiliary fields without breaking supersymmetry explicitly. If we restrict
ourselves to chiral and vector multiplets, in the notation we used previously,
the auxiliary fields are F -fields, G-fields, or D-fields. The first are scalars,
the other two pseudoscalars. Let φ denote, collectively, all other spin-zero
fields. We shall assume that Lorentz invariance is not broken, consequently
all other fields with non-zero spins have vanishing vacuum expectation val-
ues. Using the transformation properties, such as (124), we can easily show
that spontaneous symmetry breaking occurs only when one, or more, of the
auxiliary fields acquires a non-vanishing vacuum expectation value.
The potential of the scalar fields in the tree approximation has the form:
V (φ) = − 1
2
[∑
F 2i +
∑
G2i +
∑
D2i
]
+
[∑
FiFi(φ) +
∑
GiGi(φ) +
∑
DiDi(φ)
]
(140)
where the functions Fi(φ), Gi(φ) and Di(φ) are polynomials in the physical
fields φ of degree not higher than second. The equations which eliminate
the auxiliary fields are:
Fi = Fi(φ) ; Gi = Gi(φ) ; Di = Di(φ) (141)
so the potential, in terms of the physical fields, reads:
V (φ) =
1
2
[∑
F 2i (φ) +
∑
G2i (φ) +
∑
D2i (φ)
]
(142)
The important observation is that V is non-negative and vanishes only
for:
Fi(φ) = 0 ; Gi(φ) = 0 ; Di(φ) = 0 (143)
This positivity property of the potential is easy to understand: It follows
from the anti-commutation relations of the supersymmetry algebra (100).
Taking the trace of the last of these relations we obtain that the Hamiltonian
is equal to 2H = |Q1|2 + |Q2|2 and, therefore, non-negative.
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When (143) are satisfied (141) show that all auxiliary fields have zero
vacuum expectation values and, as we said above, supersymmetry is un-
broken. In other words, a supersymmetric state, if it exists, it is always
stable. It follows that the only way to break supersymmetry spontaneously,
at least in the classical approximation, is to arrange so that the system of
algebraic equations (143) has no real solution. In such a case, at least one
of the auxiliary fields will have a non-vanishing vacuum expectation value
and supersymmetry will be broken.
The simplest example which exhibits this phenomenon is given by the
supersymmetric extention of quantum electrodynamics, eq. (135), with the
addition of a term linear in the auxiliary field D.
L → L+ ξD (144)
We repeat that this term does not break supersymmetry explicitly but,
D being pseudoscalar, it breaks parity explicitly, but softly. The system of
eqs. (143) reads:
mA1 = 0 ; mA2 = 0 ; mB1 = 0 ; mB2 = 0
e(A1B2 −A2B1) + ξ = 0 (145)
It is clear that this system has no solution. We therefore expect super-
symmetry to be spontaneously broken. Indeed, eliminating the auxiliary
fields we find nondiagonal mass terms among the scalars and pseudoscalars.
By diagonalisation we obtain the fields A˜1, A˜2, B˜1 and B˜2 with mass terms:
− 1
2
(m2 + ξe)(A˜1
2
+ B˜1
2
)− 1
2
(m2 − ξe)(A˜22 + B˜22) (146)
This mass spectrum shows clearly that we have obtained a spontaneous
breaking of supersymmetry since the masses of the scalar and spinor mem-
bers of the chiral multiplets are no longer the same. One can easily verify
that the corresponding Goldstone particle is the massless spinor λ.
From this point, what follows depends on the sign of the square mass
terms m2± ξe. If they are both positive, the story ends here. If one of them
is negative, this depends on the magnitude and sign of the parameter ξ, the
corresponding scalar fields become Higgs fields for the U(1) gauge symmetry
and the photon becomes massive. Therefore, the introduction of the linear
term ξD can trigger the spontaneous breaking of both supersymmetry and
gauge symmetry. In this case the Goldstone spinor is a linear combination
of λ and the ψ’s.
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This method can be applied to any gauge theory provided the algebra
is not semisimple, otherwise a linear D term cannot be added. There ex-
ists a second method for spontaneous supersymmetry breaking, which uses
only chiral multiplets, but it needs at least three of them. The physics, in
particular as regards the mass spectrum, remains the same.
As we saw in the previous examples and as we know from general theo-
rems, spontaneous breaking of supersymmetry results in the appearance of
a zero mass Goldstone spin 1/2 fermion. This is easy to understand. We
know that the Goldstone particle of a spontaneously broken symmetry has
the quantum numbers of the divergence of the corresponding conserved cur-
rent. Since the conserved current of supersymmetry has spin equal to 3/2,
the resulting Goldstone particle has spin equal to 1/2. Our first reaction
was to rejoice with this discovery because we hoped to be able to associate
it with one of the neutrinos. Alas, appearances were deceptive! First, the
neutrinos don’t seem to have zero masses and, second, they don’t even seem
to be approximate Goldstone spinors. Indeed, there is a low-energy theorem,
known as “Adler’s zero” satisfied by any Goldstone particle.
Let η(x) be the field associated with the Goldstone fermion. It has the
same quantum numbers as the divergence of Jµ, the conserved supersym-
metry current. For any two physical states |a > and |b > we have:
kµ < a|Jµ|b >= 0 (147)
When k → 0 the only intermediate state which survives is the one η state
due to the zero-mass propagator. It follows that the amplitudeM(a→ b+η)
of the emission (or absorption) of a Goldstone fermion with momentum k
satisfies the low-energy theorem (except for possible pole terms):
lim
kµ→0
M(k) = 0 (148)
This is a very powerful prediction and can be checked by studying the
end-point spectrum in nuclear β-decay. Unfortunately, it is a wrong one.
Experiments show no such suppression, which means that the electron neu-
trino is not a Goldstone fermion.
The question now is: If the Goldstone fermion is not one of the neutrinos,
then where is it? There are two possible answers to this question which
correspond to the two possible ways to implement supersymmetry, (i) as a
global symmetry and (ii) as a local, or gauge, symmetry. In the first case
the Goldstone fermion is a physical particle and, since it does not seem to
appear in our experiments, we must make it “invisible”. In the second it is
absorbed in a super-Higgs mechanism. Let us look at each one of them:
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Several mechanisms have been proposed to hide the zero mass “Gold-
stino”, but the simplest is to endow it with a new, conserved quantum
number and arrange so that all other particles which share this number are
heavy. Such a quantum number appears naturally in the framework of su-
persymmetric theories and it is present even in models in which the above
motivation is absent. This number is called “R-parity” and one possible
definition is:
(−)R = (−)2S(−)3(B−L) (149)
where S is the spin of the particle and B and L the baryon and lepton
numbers, respectively. It is easy to check that eq. (149) gives R = 0
for all known particles, fermions as well as bosons, while it gives R = ±1
for their supersymmetric partners. The R-transformations act as phase
transformations on spin-zero fields, phase or γ5-transformations on spin-1/2
fields and leave vector fields invariant. They have a simple interpretation in
superspace: A point (x, θ, θ¯) transforms as:
(x, θ, θ¯)→ (x, θe−iα, θ¯eiα) (150)
A vector superfield is “neutral” under R, while a chiral one may be
multiplied by a phase
V (x, θ, θ¯)→ V (x, θe−iα, θ¯eiα) ; S(x, θ)→ eiβS(x, θe−iα) (151)
The above transformation properties allow us to find those of the compo-
nent fields. The phases β are adjusted for each chiral multiplet. Since R is
conserved, the R-particles are produced in pairs and the lightest one is sta-
ble. In a spontaneously broken global supersymmetry this is the Goldstino,
which is massless.
An important question -before going into the details of any model- is
the identity of the Goldstino; in particular, can it be identified, say to the
photino? As we said earlier, the mechanism of spontaneous symmetry break-
ing, which is at the origin of the existence of the Goldstino, allows us to find
some properties of the latter, independently of the details of a particular
model. In a spontaneously broken theory the spin-3/2 conserved current is
given by:
Jµ(x) = dγµγ5η(x) + Jˆµ(x) (152)
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where d is a parameter with dimensions (mass)2, η(x) is the Goldstino field
and Jˆµ(x) is the usual part of the current which is at least bilinear in the
fields. In other words, the field of a Goldstone particle can be identified with
the linear piece in the current. The conservation of Jµ(x) gives:
dγ5γµ∂
µη = ∂µJˆµ (153)
This is the equation of motion of the Goldstino. In the absence of spon-
taneous breaking d = 0 and ∂µJˆµ = 0. In fact, to lowest order, the contribu-
tion of a given multiplet to ∂µJˆµ is proportional to the square mass-splitting
∆m2. Thus, the coupling constant of the Goldstino to a spin-0-spin-1/2 pair
is given by:
fη = ±∆m
2
d
(154)
where the sign depends on the chirality of the fermion. It follows that if the
Goldstino were the photino, fη ∝ e and the (mass)2-splittings would have
been proportional to the electric charge. For example, if se and te were the
charged spin-zero partners of the electron, we would have:
m2(se) +m
2(te) = 2m
2(e) (155)
This relation is clearly unacceptable. The conclusion is that the photon
cannot be the bosonic partner of the Goldstino. With a similar argument
we prove that the same is true for the Z0 boson, the Higgs or any linear
combination of them. This is a model-independent result. Not only can
we not identify the Goldstino with the neutrino, but also we cannot pair
it with any of the known neutral particles. Therefore, strictly speaking,
there is no acceptable supersymmetric extension of the standard model with
spontaneously broken global supersymmetry. The one that comes closest to
it assumes an enlargement of the gauge group to U(1)⊗U(1)⊗SU(2)⊗SU(3)
thus involving a new neutral gauge boson. We shall not study it in detail
here but we shall rather extract those features which are model independent
and are likely to be present in any supersymmetric theory.
The most attractive way to solve the problem of the Goldstino identity
is to use a super-Higgs mechanism. In the normal Higgs phenomenon we
have
(m = 0, spin = 1 +m = 0, spin = 0) = (m 6= 0, spin = 1)
In a super-Higgs mechanism we must get:
(m = 0, spin = 3/2 +m = 0, spin = 1/2) = (m 6= 0, spin = 3/2)
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i.e. we need to start with a gauge spin-3/2 field and we shall end up with a
massive spin-3/2 particle. A massless spin-3/2 field is the supersymmetric
partner of the graviton in all models which attempt to incorporate gravita-
tion and is called “gravitino”. So, this mechanism can be naturally applied in
the framework of supergravity theories, although the details are not easy to
implement. At low energies, when gravitational interactions are decoupled,
the theory will look, presumably, like a model with explicitly broken global
supersymmetry. It will contain many arbitrary parameters, usually mass
splitings and mixing angles. In principle, they are calculable in terms of the
initial supergravity theory, but the relation is not always clear. Most often,
they just parametrise our ignorance of the underlying symmetry breaking
mechanism. It is this general framework which has been used in most phe-
nomenological studies.
As a final remark, I want to have another look at eq. (146). As a result
of supersymmetry breaking the masses of the chiral multiplet members are
split, but we see that some pattern remains. The masses squared of the
spin-zero fields are equally spaced above and below those of the fermions.
In other words, we obtained a mass-formula of the form:
∑
J
(−)2J (2J + 1)m2J = 0 (156)
where mJ is the mass of the particle of spin J . It turns out that such a
formula is valid in every spontaneously broken supersymmetric model and
even in some explicitly broken ones. We used it already in (155) in order to
prove the impossibility of pairing together the photon and the Goldstino. It
plays an important role in model building.
4.3.3 Supersymmetry and the Standard Model
Let us now try to apply these ideas to the real world. We want to build
a supersymmetric model which describes the low-energy phenomenology.
There may be several answers to this question but, to my knowledge, there
is only one class of models which come close to being realistic. They were
discovered by P. Fayet in the seventies. They assume a superalgebra with
only one spinorial generator, consequently all particles of a given supermul-
tiplet must belong to the same representation of the gauge group. This is
dictated by the requirement of parity violation. It is easy to see that in a
supersymmetric model with two spinorial charges each supermultiplet will
contain fermions with both right and left components and it is not clear how
to break this right-left symmetry. In the following we shall try to keep the
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discussion as general as possible, so that our conclusions will be generally
valid.
All models of global supersymmetry use three types of multiplets:
(i) Chiral multiplets. As we said already, they contain one Weyl (or Majo-
rana) fermion and two scalars. Chiral multiplets are used to represent the
matter (leptons and quarks) fields as well as the Higgs fields of the Standard
Model.
(ii) Massless vector multiplets. They contain one vector and one Weyl (or
Majorana) fermion, both in the adjoint representation of the gauge group.
They are the obvious candidates to generalise the gauge bosons.
(iii) Massive vector multiplets. They are the result of ordinary Higgs mech-
anism in the presence of supersymmetry. A massive vector multiplet is
formed by a vector field, a Dirac spinor and a scalar. These degrees of free-
dom are the combination of those of a massless vector multiplet and a chiral
multiplet.
The physical degrees of freedom of the particles in the minimal Standard
Model with one Higgs are:
Bosonic degrees of freedom = 28
Fermionic degrees of freedom = 90 (or 96, if we include νR’s)
It follows that a supersymmetric extension of the Standard Model will
necessarily introduce new particles. We can even go one step further: In
N=1 supersymmetry all the particles of a given supermultiplet must belong
to the same representation of the gauge group. For the various particles of
the standard model this yields:
(i) The gauge bosons are one colour octet (gluons), one SU(2) triplet and
one singlet (W±, Z0, γ). No known fermions have these quantum numbers.
(ii) The Higgs scalars transform as SU(2) doublets but they receive a non-
zero vacuum expectation value, consequently they cannot be the partners of
leptons or quarks, otherwise we would have induced a spontaneous violation
of lepton or baryon number. Furthermore, we must enlarge the Higgs sector
by introducing a second complex chiral supermultiplet. This is necessary for
several technical reasons which are related to the fact that, in supersymme-
try, the Higgs scalars must have their own spin-1/2 partners. This in turn
creates new problems like, for example, new triangle anomalies which must
be cancelled. Furthermore, now the operation of complex conjugation on the
scalars induces a helicity change of the corresponding spinors. Therefore,
we cannot use the same Higgs doublet to give masses to both up and down
quarks. Finally, with just one Higgs supermultiplet, we cannot give masses
to the charged partners of the W ’s. The net result is a richer spectrum of
physical Higgs particles. Since we start with eight scalars (rather than four),
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we end up having five physical ones (rather than just one). They are the
scalar partners of the massive vector bosons and three neutral ones.
The conclusion is that, in the standard model, supersymmetry associates
known bosons with unknown fermions and known fermions with unknown
bosons. We are far from obtaining a connection between the three inde-
pendent worlds. For this reason this extension cannot be considered as
a fundamental theory. Nevertheless, the phenomenological conclusions we
shall derive are sufficiently general to be valid, unless otherwise stated, in
every theory based on supersymmetry.
We close this section with a table of the particle content in the super-
symmetric standard model. Although the spectrum of these particles, as we
shall see shortly, is model dependent, their very existence is a crucial test
of the whole supersymmetry idea. We shall argue in the following sections
that its experimental verification is within the reach of LHC.
SPIN-1 SPIN-1/2 SPIN-0
Gluons Gluinos no partner
Photon Photino no partner
W± 2 Dirac Winos w± H
Z0 2 Majorana Zinos z i b
standard g o
φ0 g s
1 Majorana Higgsino s o
pseudoscalar n
φ0
′
s
Leptons Spin-0 leptons
Quarks Spin-0 quarks
Table 1 The particle content of the supersymmetric Standard Model
The assignment is conventional. In any particular model the physical parti-
cles may be linear combinations of those appearing in the Table.
4.3.4 Supersymmetry and Grand Unified Theories
Supersymmetry is the only known scheme which allows, even in principle, a
connexion between the Poincare´ symmetry of space-time and internal sym-
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metries. It provides a framework for the unification of the various worlds of
gauge theories. As we shall see in the next section, it is a necessary ingre-
dient in all attempts to construct a consistent theory of quantum gravity. I
firmly believe that supersymmetry will turn out to be part of our world. To
my mind, the only question is that of scale. How badly is supersymmetry
broken? As we said earlier, supersymmetry predicts a rich spectroscopy of
new particles whose existence is an important test of the theory. Such a
test, however, is only meaningful if the masses of the new particles are also
predicted, at least to within an order of magnitude. Let me remind you the
situation when the charmed particles were predicted. The motivation was
the need to suppress unwanted processes like strangeness changing neutral
current transitions. Such a suppression was effective only if the charmed
particles were not too heavy. No precise value could be given but the pre-
diction was powerful enough to be testable. We have a similar situation with
supersymmetry and grand unified theories. One of the reasons to study su-
persymmetry was the need to control the bad behaviour of elementary scalar
fields. It is the gauge hierarchy problem which plagues all known G.U.T.s.
The problem has two aspects, one physical and one technical. The physical
aspect is to understand the profound reason why Nature creates the two
largely separated mass scales. The technical aspect is related to renormal-
isation. In the notation of section 3, in order for the model to be able to
sustain a gauge hierarchy, we must impose a very precise relation among
the parameters of the potential. It is this relation which is destroyed by
renormalisation effects and has to be enforced artificially order by order in
perturbation theory. As we shall see later, supersymmetry may provide the
mechanism to answer the physical problem, but it can certainly solve the
technical one. The key is the non-renormalisation theorem we mentioned
earlier. If supersymmetry is exact, the mass parameters of the potential
do not get renormalised. What happens is that the infinities coming from
fermion loops cancel against those coming from boson loops. When super-
symmetry is broken, spontaneously or explicitly but softly, the cancellation
is not exact, but the corrections are finite and calculable. They are of order
∼ ∆m2, the square mass splitting in the supermultiplet. For the gauge hier-
archy to remain, ∆m should not be much larger than the small mass scale,
namely mW . A badly broken supersymmetry is not effective in protecting
the small mass scale. Hence an upper limit on the masses of supersymmetric
particles of the order of 1 TeV.
After these remarks on the gauge hierarchy problem, one can proceed in
supersymmetrizing one’s favourite G.U.T. model. The construction paral-
lels that of the low-energy standard model with similar conclusions. Again,
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no known particle can be the superpartner of another known particle. Fur-
thermore, assuming a spontaneous symmetry breaking, we can repeat the
analysis which led us to conclude that U(1)⊗SU(2)⊗SU(3) was too small.
The corresponding conclusion here will be that SU(5) is too small, since
SU(5) does not contain anything larger than the group of the standard
model.
Finally, we can repeat the renormalisation group estimation of the grand
unification scale and the proton life-time. We had found in section 2 that at
low energies the effective coupling constants evolve following, approximately,
the renormalisation group equations of U(1), SU(2) or SU(3). The same
remains true in a supersymmetric theory, but now the values of the β-
functions are different. The number of Yang-Mills gauge bosons is the same
as before. They are the ones which give rise to negative β-functions. On the
other hand supersymmetric theories have a larger number of “matter” fields,
spinors and scalars, which give positive contributions. The net result is a
smaller, in absolute value, β-function and, therefore, a slower variation of the
asymptotically free coupling constants. The agreement now is remarkable
(see Figure 8). The three curves appear to come together. Expressed in
terms of a prediction for the value of the weak mixing angle sinθW , this
agreement is:
sin2θW (no SUSY) ∼ 0.214 ; sin2θW (SUSY) ∼ 0.232
sin2θW (exp) = 0.23149 ± 0.00017 (157)
The resulting value for M is M ∼ 1016 − 1017 GeV. If nothing else con-
tributes to proton decay, it is beyond the reach of experiment. Fortunately,
there are other contributions, which although of higher order, turn out to
be dominant. They are due to the exchange of the fermionic partners of the
heavy bosons and their contribution is model-dependent. Not surprisingly,
in many models the result turns out to be of the order of 1033 years.
4.3.5 Dualities in supersymmetric gauge theories
In a previous section we had introduced the idea of duality in gauge theories.
In its simplest form it interchanges electric and magnetic quantities as well
as weak and strong coupling regimes. We presented the Montonen-Olive
conjecture which postulates the actual identity of the two descriptions, at
least for the simple Georgi-Glashow model. Strange as it may sound, we
saw that this conjecture passed some simple tests. We can now address the
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questions: How far can we trust this conjecture? In the absence of any
rigorous proof can we, at least, use it as a means to define the theory in
the strong coupling region? Does it apply to all gauge theories and, if not,
are there models for which it comes closer to the truth? Last but not least,
how can we use it in order to extract physically interesting results? In this
section we shall attempt to give a partial answer to some of these questions.
Let me first notice that the identification g → 1/g cannot be exact
everywhere for a generic gauge theory. The reason is that the effective value
of the coupling constant depends on the scale and if such an identification
can be enforced in one scale, it won’t be true in another. However, we have
seen in Section 4.3.1 that there is a class of gauge theories for which the
running of the effective coupling constant is particularly simple: They are
the gauge theories with extended N = 4 or N = 2 supersymmetries. For
these theories the duality conjecture has given novel and interesting results.
The N = 4 supersymmetric Yang-Mills theory is the theory with the
maximum allowed number of supersymmetries in four dimensions not in-
cluding gravitation. It contains a single N = 4 vector multiplet which
belongs to the adjoint representation of whichever gauge group G we have
chosen. The particle content of such a multiplet consists of a vector, four
fermions and six scalars, giving again an equal number of fermionic and
bosonic degrees of freedom. Since all fields belong to the adjoint represen-
tation of G, we write them as traceless matrices. Notice that they are all
massless, like the gauge bosons. We can write the Lagrangian density as:
LN=4 = − 14g2Tr
(
FµνF
µν +
∑4
i=1 χ¯
iγµD
µχi +
∑6
a=1D
µφaDµφa+
∑6
a,b=1[φa, φb][φa, φb] + ...
)
+ θ32pi2TrFµνF˜
µν (158)
where the dots stand for Yukawa terms among the fermions and the scalars.
This Lagrangian has a global SU(4) symmetry which play the role of the R-
symmetry we introduced in Section 4.3.2. The vector field is invariant under
SU(4), while the fermions and the scalars belong to the 4- and 6-dimensional
representations, respectively. The potential for the scalars is given by the
trace of the commutator square and vanishes only if φ is represented by a
diagonal matrix. This means that we shall find as many independent ground
states of the system as there are diagonal matrices in the adjoint represen-
tation of G. This number is called the rank of G. For SU(2) it is equal to
one, (only one Pauli matrix can be diagonalised), for SU(3) to two, etc. Let
us choose SU(2), for simplicity. A non-zero vacuum expectation value of φ
80
breaks SU(2) spontaneously to U(1). Two of the vector bosons acquire a
mass and are electrically charged with respect to U(1). The N = 4 super-
symmetry is not broken, so, together with their supersymmetric partners,
they form a massive multiplet. We can check that it is a short BPS multiplet
which has the same number of states as the massless multiplet.
This theory has magnetic monopoles which form also N = 4 supermulti-
plets. The BPS mass formula can be written as M2 = g2v2|n+ τm|2 where
v is the vacuum expectation value of the Higgs and n and m are integers
specifying the electric and magnetic charges. τ is defined in (69). The du-
ality transformations can be generated by τ → −1/τ , which corresponds to
interchange between weak and strong coupling regime, as well as τ → τ +1,
which is the periodicity property in θ. Together they form the infinite group
of discreet transformations SL(2,ZZ).
The most important point is that here the Montonen-Olive conjecture
has good chances of being true. At least, all obvious objections one could
raise against it do not apply. Vector bosons and monopoles belong to truly
identical multiplets and, most importantly, the coupling constant does not
run. Therefore, duality can be used to define the theory non-perturbatively
for any strength of the coupling. We can perform many checks of this
property which go far beyond the simple ones we presented for the non-
supersymmetric case. They include a highly non-trivial calculation of the
spectrum of the allowed monopole and dyon states in the theory as well as
the computation of other supersymmetric invariant quantities. Needless to
say that all these checks have been successful.
Let us now turn to a gauge theory with N = 2 supersymmetry. While
the N = 4 case can be considered as a field theorist’s dream, the N = 2
theory shares many essential features with the real world. The first has van-
ishing β-function, no divergences whatsoever and it is scale invariant. The
second is asymptotically free, it has a, presumably, complicated dynamics,
but the non-renormalisation theorems allow us to bring it under some kind
of control. It can be written with any gauge group, but let us again study
the simplest SU(2) case. The Lagrangian looks similar to the one written
in (158) except that the vector multiplet contains now one vector field, two
Majorana fermions instead of four and one complex scalar, all triplets of
the gauge group SU(2). The R-symmetry is now a global U(2) symmetry
which rotates the two spinorial generators. A non-zero vacuum expectation
value of the scalar field breaks spontaneously the gauge SU(2) symmetry
to U(1). Two of the vector bosons become massive and the third one can
be identified with the photon. Supersymmetry is not broken and so both,
the massive and the massless bosons form full N = 2 BPS multiplets. So
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far, apart from the number of fields, there is no difference between the two
cases.
The difference comes from the running coupling. Since the theory is
asymptotically free, at high scales we can use perturbation. At low energies,
however, we enter the strong coupling regime. Following a suggestion of K.
Wilson, let us integrate all massive degrees of freedom and obtain an effec-
tive Lagrangian describing the low energy strong interaction of the massless
modes. Notice that it is precisely the kind of exercise we would have liked
to solve for Q.C.D. in order to obtain an effective theory of hadrons. Such
a Wilsonian effective Lagrangian is not necessarily renormalisable, in the
same sense that the Fermi theory was not. For Q.C.D. we do not know how
to solve this problem. Here, however, supersymmetry comes to the rescue.
Integrating the heavy degrees of freedom does not break supersymmetry, so
we expect the effective Lagrangian to be N = 2 supersymmetric. We can
show that the most general, non-renormalisable Lagrangian of our massless
multiplet depends only on a single holomorphic function of the scalar fields,
often called “the prepotential”. If we could determine this function we would
have a complete description of all the low energy dynamics. The remarkable
achievement of N. Seiberg and E. Witten was to solve this problem. They
showed that the duality properties of the theory, combined with the holo-
morphicity of the prepotential and the knowledge of the spectrum in the
weak coupling regime, completely determine the Wilsonian effective action.
Furthermore, the non-renormalisation theorems ensure that this determi-
nation is exact. The proof is quite involved and it will not be presented
here. Let me only emphasise that it is the first time that we obtain the
complete solution of a dynamical problem, not for a toy model, but for a
fully interacting four dimensional field theory.
The natural question is how to extend this solution to the real world,
which may look like Q.C.D. with broken N = 1 supersymmetry and chiral
quarks. Although some progress on a number of technical aspects of this
programme has been made, it is fair to say that the solution is not yet in
sight.
4.4 Supergravity
Supergravity is the theory of local supersymmetry, i.e. supersymmetry
transformations whose infinitesimal parameters -which are anticommuting
spinors- are also functions of the space-time point x. There are several
reasons to go from global to local supersymmetry:
(i) We have learned in the last years that all fundamental symmetries in
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nature are local (or gauge) symmetries.
(ii) The supersymmetry algebra contains the translations. So local su-
persymmetry transformations imply local translations and we know that
invariance under local translations leads to general relativity which, at least
at the classical level, gives a perfect description of the gravitational interac-
tions.
(iii) As we already noticed, local supersymmetry provided the most at-
tractive explanation for the absence of a physical Goldstino.
(iv) In the last section we saw that in a supersymmetric grand unified
theory the unification scale approaches the Planck mass (1019 GeV) at which
gravitational interactions can no more be neglected.
The gauge fields of local supersymmetry can be easily deduced. Let us
introduce an anticommuting spinor ǫ for every spinorial charge Q and write
the basic relation ( (99) as a commutator:
[ǫmQm, Q¯nǫ¯n] = 2δmnǫmσµǫ¯
nPµ n,m = 1, ..., N (159)
where no summation over m and n is implied. In a local supersymmetry
transformation ǫ becomes a function ǫ(x). Eq. (159) implies that the prod-
uct of two supersymmetry transformations with parameters ǫ1(x) and ǫ2(x)
is a local translation with parameter
αν(x) = ǫ1(x)σν ǫ¯2(x) (160)
On the other hand we know that going from a global symmetry with
parameter θ to the corresponding local one with parameter θ(x), results in
the introduction of a set of gauge fields which have the quantum numbers of
∂µθ(x). If θ(x) is a scalar function, which is the case for internal symmetries,
∂µθ(x) is a vector and so are the corresponding gauge fields (ex. gluons,
W±, Z0, γ). If the parameter is itself a vector, like αν(x) of translations,
∂µαν(x) is a two-index tensor and the associated gauge field has spin two.
In supersymmetry the parameters ǫm(x) have spin one-half so the gauge
fields will have spin three-half. We conclude that the gauge fields of local
supersymmetry, otherwise called supergravity, are one spin-two field and N
spin-three-half ones. To those we have to add the ordinary vector gauge
fields of whichever internal symmetry we are considering.
4.4.1 N=1 supergravity
This is the simplest supergravity theory. As I shall explain in the next
section, I do not consider it as the fundamental theory of particle physics, but
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I believe that it provides for a good basis for a phenomenological analysis.
The gauge fields are the metric tensor gµν(x) which represents the graviton
and a spin-three-half Majorana “gravitino” ψµ(x). We can start by writing
the Lagrangian of “pure” supergravity, i.e. without any matter fields. The
Lagrangian of general relativity can be written as:
LG = − 1
2κ2
√−gR = 1
2κ2
eR (161)
where gµν(x) is the metric tensor and g = det gµν(x). R is the curvature
constructed out of gµν(x) and its derivatives. We have also introduced the
vierbein field em in terms of which gµν(x) is given as gµν(x) = e
m
µ (x)e
n
ν (x)ηµν
with ηµν the Minkowski space metric. It is well known that if one wants
to study spinor fields in general relativity the vierbein, or tetrad, formalism
is more convenient. e equals −√−g and κ2 is the gravitational coupling
constant. Eq. (161) is the Lagrangian of the gravitational field in empty
space. We add to it the Rarita-Schwinger Lagrangian of a spin-three-half
massless field in interaction with gravitation:
LRS = −1
2
√−gǫµνρσψ¯µγ5γνDρψσ (162)
where Dρ is the covariant derivative
Dρ = ∂ρ + 1
2
ωmnρ γmn ; γmn =
1
4
[γm, γn] (163)
and ωmnρ (x) is the spin connection. Although ω
mn
ρ (x) can be treated as an
independent field, its equation of motion expresses it in terms of the vierbein
and its derivatives.
The remarkable result is that the sum of (161) and (162)
L = LG + LRS (164)
gives a theory invariant under local supersymmetry transformations with
parameter ǫ(x):
δemµ =
κ
2
ǫ¯(x)γmψµ
δωmnµ = 0 (165)
δψµ =
1
κ
Dµǫ(x) = 1
κ
(∂µ +
1
2
ωmnµ γmn)ǫ(x)
Two remarks are in order here: First the invariance of (164) reminds us
of the similar result obtained in global supersymmetry, where we found that
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the sum of a Yang-Mills Lagrangian and that of a set of Majorana spinors
belonging to the adjoint representation, was automatically supersymmetric.
This means that all gauge theories, both of space-time or internal symme-
tries, admit a natural supersymmetric extension. This is one of the reasons
for which many theorists consider that supersymmetry should be part of
our world. The second remark is technical. The transformations (165) close
an algebra only if one uses the equations of motion derived from (164). We
can avoid this inconvenience by introducing a set of auxiliary fields. In fact,
we have partly done so, because the spin connection is already an auxiliary
field.
The next step is to couple the N = 1 supergravity fields with matter in
the form of chiral or vector multiplets. The resulting Lagrangian is quite
complicated and will not be given explicitly here. Let me only mention
that, in the most general case, it involves two arbitrary functions. If I call
z the set of complex scalar fields, the two functions are: G(z, z∗), a real
function, invariant under whichever gauge group we have used and fij(z),
an analytic function which transforms as a symmetric product of two adjoint
representations of the gauge group.
One may wonder why we have obtained arbitrary functions of the fields,
but we must remember that, in the absence of gravity, we impose to our the-
ories the requirement of renormalisability which restricts the possible terms
in a Lagrangian to monomials of low degree. In the presence of gravity, how-
ever, renormalisability is anyway lost, so no such restriction exists. In view
of this, it is quite remarkable that only the two aforementioned functions
occur.
As in ordinary gauge theories, the spontaneous breaking of local super-
symmetry results in a super-Higgs mechanism. The gravitino, which is the
massless gauge field of local supersymmetry, absorbs the massless Goldstino
and becomes a massive spin three-half field. At ordinary energies we can
take the limit of the Planck mass going to infinity. In this case gravitational
interactions decouple and the spontaneously broken supergravity behaves
like an explicitly but softly broken global supersymmetry. The details of
the final theory, like particle spectra, depend on the initial choice of the
functions G and f , but the main features remain the same. We shall discuss
them shortly.
Before closing this section let me mention a famous unsolved problem, for
which supergravity offers a new line of approach. The Einstein Lagrangian
(161) is not the most general one. We could add a constant Λ with dimension
[mass]4 and write:
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LG = − 1
2κ2
√−g(R+ Λ) (166)
Λ is called “the cosmological constant” and represents the energy den-
sity of empty space, but in the presence of the gravitational field this is no
more an unphysical quantity which one can set equal to zero. In fact, any
matter field gives an infinite contribution to Λ. Experimentally, Λ is very
small, although the most recent observations favour a non-vanishing value.
Even with this small value, it gives the major part of the energy content
of the Universe. If we have exact supersymmetry Λ vanishes identically be-
cause the infinite vacuum energy of the bosons cancels that of the fermions.
However, in a spontaneously broken global supersymmetry vacuum energy
is always positive, as we explained before and this yields a positive cosmo-
logical constant. In a spontaneously broken supergravity this is no more
true and one can arrange to have Evac = 0 and hence Λ = 0. In a realistic
theory this must be the consequence of a certain symmetry and, indeed,
such models have been constructed. I believe that ultimately this problem
will be connected to the way one obtains N = 1 supergravity as an interme-
diate step between low-energy phenomenology and the fundamental theory,
whichever this one may be.
4.4.2 N = 8 supergravity
Let me remind you that one of the arguments to introduce supersymmetry
was the desire to obtain a connection among the three independent worlds
of gauge theories, the worlds of radiation, matter and Higgs fields. None
of the models presented so far achieved this goal. They all enlarged each
world separately into a whole supermultiplet, but they did not put them
together, with the exception of an association of some of the Higgs scalars
with the massive gauge vector bosons. N = 8 supergravity is the only one
which attempts a complete unification. It is the largest supersymmetry we
can consider if we do not want to introduce states with spin higher than two.
Following the method of 4.2.5 we construct the irreducible representation of
one-particle states which contains:
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1 spin− 2 graviton
8 spin− 3/2 Majorana gravitini
28 spin− 1 vector bosons (167)
56 spin− 1/2 Majorana fermions
70 spin− 0 scalars
The Lagrangian which involves all these fields and is invariant under eight
local supersymmetry transformations was constructed by E. Cremmer and
B. Julia, who also uncovered its remarkable symmetry properties. Contrary
to the N = 1 case, there is no known system of auxiliary fields. Since we
have 28 vector bosons we expect the natural gauge symmetry to be SO(8).
This is bad news because SO(8) does not contain U(1) ⊗ SU(2) ⊗ SU(3)
as subgroup. The remarkable property of the theory, which raised N = 8
to the status of a candidate for a truly fundamental theory, is the fact that
the final Lagrangian has unexpected symmetries: (i) A global non-compact
E7 symmetry and (ii) a gauge SU(8) symmetry whose gauge bosons are
not elementary fields. They are composites made out of the 70 scalars.
SU(8) is large enough to contain the symmetries of the standard model,
but this implies that all known gauge fields (gluons, W±, Z0, γ) are in
fact composite states. The elementary fields are only the members of the
fundamental multiplet (167). None of the particles we know is among them,
they should all be obtained as bound states.
N = 8 supergravity promised to give us a truly unified theory of all in-
teractions, including gravitation and a description of the world in terms of
a single fundamental multiplet. The main question was whether it defined a
consistent field theory. The hope was that the large number of supersymme-
tries would ensure a sufficient cancellation of the divergencies of perturbation
theory so that to make the theory finite. We have no clear answer to this
question. However, the very powerful techniques which have been developed
for performing difficult perturbation theory calculations, techniques which
are often inspired by string theory and are actually used in the QCD calcu-
lations of the LHC experiments, give us hope that the answer will be known
soon.
In some sense N = 8 supergravity can be viewed as the end of a road. As
we emphasised again and again in the course of there lectures the response
of the physicists whenever faced with a new problem was to seek the solution
in an increase of the symmetry. This quest for larger and larger symmetry
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led us to the standard model, to grand unified theories and then to super-
symmetry, to supergravity and, finally, to the largest possible supergravity,
that with N = 8. In the traditional framework we are working, namely
that of local quantum field theory, there exists no known larger symmetry
scheme. The next step had to be a very radical one. The very concept of
point particle, which had successfully passed all previous tests, will have to
be abandoned. In the next section will shall study a theory of extended
objects.
4.5 The Minimal Supersymmetric Standard Model
In Tablle 1 we had given the new particles that we expect to find in a super-
symmetric extension of the Standard Model. Notice, in particular, a richer
Higgs system. Since the symmetry is broken, an important element is the
breaking mechanism which determines the mass spectrum. Unfortunately,
it is the least understood sector of the theory. We believe that it is a spon-
taneous breaking at a scale where the effective theory is N=1 supergravity.
In this case the Goldstone fermion is absorbed by the spin-3/2 gravitino.
Every particular model will correspond to different choices of the functions
G and f we encountered in Section 4.4.1. The “correct” choice will be even-
tually dictated by a more fundamental theory, like string theory. We shall
come back to this point later. In any case, at lower energies the theory looks
like a model with explicitly, but softly, broken global supersymmetry. It is
this framework that has been used in most phenomenological studies so far.
The important point is that supersymmetry brings many new particles but
no new couplings. At energies lower than the scale of grand unification we
still have the three gauge couplings of U(1), SU(2) and SU(3). With no
further assumptions we must introduce a set of new arbitrary parameters
describing the masses and mixing angles of all new particles. Even with
massless neutrinos, this is a very large number. Notice that already in the
Standard Model the masses and mixing angles of quarks and leptons are
arbitrary parameters to be determined by experiment. But we have seen
in Section 3.2 that Grand Unification may reduce this number by provid-
ing relations among masses, like, for example, the equation (36), which was
the result of the SU(5) relations (33). Something similar was applied to
supersymmetry by S. Dimopoulos and H. Georgi and, independently, by
N. Sakai. In the literature one finds many variations of this idea and the
most economic one is called the Minimal Supersymmetric Standard Model
(MSSM). The basic assumption is that at the grand unification scale the
supersymmetry breaking parameters which determine the mass splittings in
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the supermultiplets are the simplest possible. From this point one uses the
renormalisation group equations to derive the spectrum at present energies
and compare with experiment. Remember again that these relations involve
only the known gauge coupling constants.
In the MSSM the spectrum of the supersymmetric partners of ordinary
particles (quarks, leptons and gauge bosons) at the GUT scale is assumed
to be determined by a minimum number of parameters: A common mass
parameter m1/2 for all gauginos, a corresponding one m0 for all squarks
and sleptons and a common tri-linear coupling among the various scalars,
denoted by A. This choices are dictated mainly by simplicity. The absence
of flavour-changing neutral interactions sets limits on the possible mass dif-
ferences among squarks and sleptons of different families, but does not force
them to be zero. The most interesting sector is the Higgs system. We need
two doublets, as we explained in Section 4.3.3. At the phenomenological
level this introduces some new parameters: First, there will be two vacuum
expectation values to break U(1)⊗SU(2) which we shall call v1 and v2. They
are taken by the neutral components of the two doublets, but one has weak
isospin Iz = +1/2 and the other Iz = −1/2. It follows that no CP breaking
is introduced because we can rotate the two phases independently and bring
both v’s to real values. An important parameter for phenomenology is the
ratio
tanβ = v1/v2 (168)
A second parameter is a mixing term between the two Higgs fields. At
the grand unification scale of SU(5) the two doublets are promoted to two
chiral supermultiplets belonging to 5 and 5¯ and the mixing term is written as
µH1H2 with µ a new arbitrary constant. Various versions of the MSSMmake
different assumptions regarding µ. In some superstring inspired models it is
set equal to zero at the grand unification scale. In others it is left arbitrary
and it is determined by the requirement that the Higgs system produces the
correct electroweak symmetry breaking when extrapolated to lower energies
using the renormalisation group equations. In all cases this last requirement
severely restricts the parameters of the Higgs system. This is because in
the limit of exact supersymmetry, one cannot break a gauge symmetry by
choosing the mass square of some scalar field negative, since such a choice
would imply imaginary mass for the companion fermion. It is only through
the breaking of supersymmetry that such a possibility arises. On the other
hand, one does not want the electroweak breaking to occur at the grand
unification scale, so all corresponding square masses must be positive or
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zero at that scale. In extrapolating from MGUT down to present energies,
one requires the correct breaking at mW , no breaking in between, as well as
the maintaining of the perturbative nature of the theory everywhere. This
means that all couplings should remain smaller than one and the effective
potential bounded from below in the entire region. It turns out that all
these requirements leave a relatively narrow window for the possible values
of the Higgs parameters which we shall compare with experiment in the
next section. Let me just mention here that they provide a crucial test of
this scheme. The attractive point of this scenario is the introduction in a
“natural” way of the large separation between MGUT and mW . It is simply
due to the logarithmic running of the parameters. In practice the running
of the effective Higgs mass is dominated by the t-quark loop because of
the corresponding very large Yukawa coupling. The typical renormalisation
group equations give a relation of the form:
mW ∼MGUT e−
1
αt ; αt =
λ2t
4π
(169)
4.6 Supersymmetry and Experiment
As we said earlier, there is still no concrete evidence for supersymmetry
in particle physics. This in spite of the fact that supersymmetry makes
well defined predictions which can be put to experimental test. Some of
these predictions are very general and test the entire scheme, others depend
on the particular model one considers. There exists only one, admittedly
indirect, evidence: As we said in 3.2, the renormalisation group equations
for the evolution of the three coupling constants of the Standard Model do
not satisfy the requirements of grand unification (Figure 8). We saw in
Section 4.3.4 that the situation changes if we include supersymmetry. The
agreement between MSSM and experiment is impressive. However, it is
fair to say that this agreement establishes a connexion between the idea of
supersymmetry and that of grand unification, but it does not prove either
of them.
It is natural for theorists to attempt to interpret any, real or hypothetical,
departure from the Standard Model predictions as evidence for supersym-
metry. The famous Brookhaven result for the muon anomalous magnetic
moment caused for a while such an excitement. I am afraid it is too early to
say whether a disagreement exists and even earlier to speculate on its pos-
sible significance and I can only regret the interruption of the experimental
programme.
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Strictly speaking, the only general prediction of supersymmetry is the
existence of the particles of Table 1. Furthermore, if supersymmetry is
meant to protect the electroweak scale from all higher scales, the masses of
all these particles cannot exceed 1 TeV. This already puts supersymmetry
in the range of LHC. A simple, hand-waving argument shows that ordinary
particles are expected to be lighter than their supersymmetric partners.
The reason is that the former take their masses solely through the Higgs
mechanism while the latter through both the supersymmetry breaking and
the Higgs mechanisms. Similar theoretical arguments almost always predict
squarks and gluinos heavier than sleptons and other gauginos. The reason
is that in most models the masses are set equal at the grand unification
scale and the differences are due to the strong interactions of squarks and
gluinos. For the same reason the masses of sneutrinos are predicted to be of
the same order as those of the corresponding charged sleptons.
Some simple relations follow from these general assumptions of the Min-
imal Model. The gauginos must obey the renormalisation group equations
of the gauge couplings.
mi(µ) = m
αi(µ)
αi(M)
(170)
where m is the common mass at the GUT scale M and µ is the low scale.
This gives a “prediction” for the three gauginos of U(1), SU(2) and SU(3)
at present energies:
m1 : m2 : m3 = 1 : 2 : 7 (171)
This picture may be slightly complicated because of mixings with higgsi-
nos. Notice also that in the MSSM R-parity is conserved, therefore all new
particles are produced in pairs and the lightest among them is stable. It
is usually denoted by LSP (Lightest Supersymmetric Particle). In almost
all models it is identified with a linear combination of the neutral gaugi-
nos and Higgsinos. In this case its interactions are comparable to those of
the neutrinos and it leaves no trace in the detector. Since all new parti-
cles will eventually end up giving LSP ’s, a precise determination of missing
transverse momentum is an essential handle in the search of supersymmetric
particles. Furthermore, the LSP offers an excellent candidate for cold dark
matter, a necessary ingredient in cosmological models. For all these reasons,
mLSP is a very important phenomenological parameter, although no precise
predictions for its value can be given. The cosmological arguments men-
tioned above give a rather loose bound mLSP < O(200) GeV. I remind you
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that the Goldstino, which, if it exists, is massless, is absent from theories
derived from supergravity.
Let us now briefly discuss some results on masses and decay properties.
In the absence of any concrete experimental evidence I can only quote limits
and expected signatures. The mass spectrum is very model dependent but
some general features can be extracted. In the MSSM the analysis is made
as a function of the parameters we introduced in the previous Section and
the result should be given as a multi-dimensional plot. I shall try here to
summarise the most important points:
(i) The Higgs system. It is probably the most sensitive test of the MSSM
in the sense that the predictions are very close to present experimental limits
with little room left. Five scalars are predicted, a pair of charged ones
and three neutrals. The requirements of the correct symmetry breaking we
explained in the last Section allow for rather narrow windows in the mass
of the lightest neutral, the analogue of the Standard Model Higgs. At the
tree level these predictions give a limit for mφ of the order of the Z-mass,
already excluded by experiment. Radiative corrections, especially the t-
quark loops, raise this limit considerably. In most models we find mφ ≤ 130
GeV. The present LEP limit is 114 GeV with a tantalising possible signal
at 115 GeV. Never before the limits of an accelerator were more painfully
felt. The overall agreement of the Standard Model with experiment implies
the limits on the Standard Model Higgs mass shown in Figure 4. In the plot
the χ2 of the fit raises sharply when mH exceeds 200 GeV. With or without
supersymmetry, the Tevatron and/or the LHC will solve the puzzle of the
Higgs sector.
(ii) Scalar partners of quarks and leptons (squarks, sleptons). There
exists one such partner for every left- or right-handed quark and lepton.
The breaking of U(1) ⊗ SU(2) causes mixings among the partners of op-
posite chirality fermions, so the final mass spectrum is the result of several
diagonalisations. For this reason squarks do not necessarily follow the mass
hierarchy of their quark partners. In particular, the scalar partners of the
t-quark may turn out to be lighter than the others. Squarks are produced
in hadron collisions either in pairs or in association with gluinos (R must
be conserved). Their decay modes are of the form q˜ → q + LSP (quark +
LSP ) or, if phase space permits, q˜ → q+ g˜ (quark + gluino). The signature
is missing PT plus jets. Sleptons behave similarly and give l˜ → l + LSP .
The signal is again missing energy and momentum.
The most direct limits on the masses of the charged ones come from LEP.
With small variations they are of the order of 100 GeV depending slightly
on the values of the other parameters of the MSSM, provided the mass
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difference between the sparticle and LSP is not too small. The Tevatron
results suggest that squarks may be at least as heavy as 250-300 GeV, but
the limits depend on the other parameters of the MSSM, such as the gluino
masses. Notice also that if one of the squarks is much lighter than the others
the Tevatron gives no limits for its mass.
(iii) Gluinos. They may decay into a gluon and an LSP or into a quark-
antiquark pair and an LSP . The Tevatron gives limits for the gluino masses
similar to those for squarks.
(iv) Gauginos and Higgsinos. They mix among themselves and must be
analysed together. The charged ones are the supersymmetric partners of
W± and H± and are described by a 2×2 mass matrix. LEP gives a limit of
90-100 GeV for the mass of the lighter of the two. Among the neutral ones,
the partners of W 3, B and the two CP -even neutral Higgses mix in a 4× 4
matrix. The lightest of them is assumed to be the LSP .
The picture that emerges is that supersymmetric particles may be spread
all over from 50 GeV to 1 TeV. The mass ratios we presented depend all
on the minimal hypothesis which was made only for convenience and has
no solid theoretical base. However, if sparticles are discovered and their
masses and mixing angles measured, we can easily go back and compute the
symmetry breaking pattern at GUT energies. This in turn will give us a hint
on the breaking mechanism which, as we explained, is probably related to the
fundamental way gravity is unified with the other interactions. Looking for
supersymmetric particles will be an important part of experimental search
in the years to come. I hope that it will be both exciting and rewarding and,
in any case, we shall know soon whether supersymmetry is a fundamental
symmetry of particle forces.
5 Beyond local quantum field theory
5.1 Introduction
The concept of point particle has been challenged several times in the past
and people have often tried to write theories of extended objects. However,
it was only very recently that the motivation for such a radical step appeared
to be compelling. As we explained in the last section this was due to the
apparent failure of all attempts to write a consistent quantum field theory
of gravity. Strings are the simplest extended objects. Although theories
of higher dimensional objects have been studied (membranes, etc) and are
incorporated in most models to-day, stings remain always a fundamental
ingredient.
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For somebody who is used to the technology of local quantum field the-
ory, the obvious generalisation to a theory of quantised strings would be
to consider a theory in which the fields, instead of being operator-valued
functions (in fact, distributions) of the space-time point x, they would be
operator-valued functionals of the string function. We could call such a
theory “quantum-field theory of strings”. Nobody has succeeded in writing
such a theory and it is not clear whether it can be written using the available
mathematical tools. Today we start having some feeling of what such a the-
ory may be. Let me note in passing that one of the most attractive features
of string theory to the eyes of many theoretical physicists, is precisely the
fact that it meets with the most advanced research in modern mathematics.
The approach which has been followed in string theory corresponds to a
first quantised theory and it is the generalisation of particle mechanics. The
classical mechanics of a freely moving relativistic string can be obtained by
extremising the invariant area of its trajectory which is a two-dimensional
world-surface whose points are parametrised by Xµ(σ, τ). The index µ runs
from 0 to d−1, where d is the dimensionality of the embedding space in which
the string is moving and σ and τ are the coordinates on the surface. On
the other hand Xµ can be viewed as an ordinary field in a two-dimensional
space-time. It is this equivalence between string theory and quantum field
theory in 1 + 1 dimensions that allowed to make progress in the theory of
quantised strings. In this picture the particles are the excitation modes of
the vibrating string. String theory has been a central theme of theoretical
high energy physics in the last twenty years and I am sure all of you have
heard about it probably more than you ever wanted to know, so I will not
go into any details. There exist several introductory texts in the literature.
Let me just list some important results. I shall try to put the emphasis on
the most recent ones, but the choice reflects my incomplete understanding
of the subject.
Like every theory of extended objects, string theory contains a funda-
mental length ls, the length of the string. Its size is certainly smaller than
anything we have measured so far, which, including evidence from radiative
corrections, is of the order of 10−17cm, or, equivalently, one inverse TeV.
Since string theory includes gravity, the natural value of ls is the Planck
length lP , which is 10
−33cm, sixteen orders of magnitude smaller. For years
it was assumed that ls ∼ lP and this doomed string theory to be outside the
reach of any conceivable accelerator. It was only recently that we under-
stood that there is no compelling logical connexion between the two lengths
and ls can, in fact, be anywhere.
According to string theory, at distances of the order of ls the geometry
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Figure 12: Diagrams showing a scattering process for particles and strings.
In the figure we have used closed strings, but it is clear that, even if we start
with open strings, we shall generate closed ones in the loops.
of space-time changes. For example, Feynman diagrams become extended,
as in Figure 12. Interactions no more occur at a point but extend to a finite
region of space-time. Through this mechanism the ultraviolet singularities,
which used to plague field theories, get smoothed out. The theory is fi-
nite at all distances. A second feature we can see in the figure is that the
perturbation expansion, which counted the number of loops in a Feynman
diagram, counts now the number of holes in a closed surface, i.e. we have
traded combinatorics for topology.
Here are some of the main results obtained from string theory:
(i) Quantum string theory contains quantum gravity. At the classical
limit it gives the General Theory of Relativity.
This result is not easy to explain. We saw that string theory can be
formulated as a non-linear quantum field theory in a two-dimensional space-
time. The connexion with four-dimensional gravity is not obvious. At the
technical level, this connexion comes from the conformal invariance of the
two-dimensional theory which, as an algebra, has an infinite number of gen-
erators. We can show that, when gauged fixed, this symmetry contains the
four-dimensional reparametrisation invariance of general relativity. A sim-
pler way to arrive at the same conclusion is to notice that quantum string
theory contains in the spectrum of excitations a massless spin two particle
and we know that general relativity is the only consistent way to describe
its interactions.
(ii) Quantum string theory is finite at all distances.
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(iii) A very interesting result is that quantum string theory requires
supersymmetry for its mathematical consistency. In fact, only supersym-
metric string theories, also called super-string theories, satisfy the finiteness
condition stated in (ii).
(iv) The string moves in an ambient space. Classically this space can
have any number of dimensions greater than two (1+1). One of the most
remarkable results, known already from the early days of string theory, is
that, at the quantum level, this number can take only one value. For the
superstring it is 10=9+1. The technical reason is that the symmetries which
are necessary to ensure the mathematical consistency of the theory break
down and become anomalous at the quantum level. The coefficient of the
anomaly is a function of d, the dimensionality of the ambient space and
it vanishes only for d = 10. It follows that our world must contain six
hidden space-like dimensions. Two questions arise immediately: First, is this
picture consistent with the underlying dynamics of the string and, second,
which are the phenomenological consequences. A great deal of this lecture
will try to address these questions. So, let me postpone this discussion for
the moment.
(v) There exist five distinct superstring theories. This again is a sur-
prising result. We are used in field theory to have an infinity of possible
theories. For example, we can write a Yang-Mills theory for any Lie group
G. The novel feature of string theory has to do again with various symme-
tries which become anomalous at the quantum level. The great discovery of
M. Green and J. Schwarz in the early eighties, which triggered the explosion
of superstring theory, was the proof that, for very particular theories, the
anomalies cancel and mathematical consistency is recovered. The complete
list of the consistent supersting theories is: Type I, Type IIA, Type IIB,
E8 ×E8 heterotic, and SO(32) heterotic. They differ by containing, or not,
open strings, by their symmetry group, by their supersymmetry content, as
well as by the particular way they use to combine together fermionic and
bosonic degrees of freedom.
(vi) A few years ago I would have ended the discussion here. But in the
late nineties took place what people call “the second superstring revolution”
which changed radically our perception of string theory. It has several inter-
related aspects but the most important ones are the application of duality
ideas in string theory and the realization that strings generate naturally
objects of higher dimensionalities, like membranes.
The consequences of duality are best illustrated by the Figure 13. It
is an artist view of the idea that all five superstring theories are different
manifestations of a single fundamental theory, which, in the absence of any
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Type IIB
Type I
Figure 13: Polchinski’s diagram for the space of string vacua. In each cusp
the corresponding string model admits a weak coupling expansion. Nothing
is known for the M theory cusp.
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better name, we call “M theory”. This big theory depends on a few pa-
rameters, like coupling constants. By varying the values of the parameters
we can move continuously from one string theory to the other. The sharp
peaks illustrate the fact that, each time, at most one theory is in a weakly
coupled regime. For most values of the parameters, the centre of the figure,
all coupling constants are large and we have no weak coupling expansion
at all. We know preciously little on this mysterious M theory. We do not
know its fundamental equations, not even the dynamical variables in terms
of which they should be written. It may provide the “field theory of strings”
which people have sought for many years. We believe that it lives in eleven
space-time dimensions and its low energy effective theory is the N = 8 su-
pergravity theory of Cremmer and Julia. When one spatial dimension is
compactified on a circle of radius R, M theory yields the Type IIA string
theory. The effective coupling constant is proportional to R, so, at weak
coupling, the theory is effectively ten dimensional. Strong ↔ weak coupling
duality is here equivalent to a duality R ↔ 1/R, or M theory ↔ Type IIA
string theory. Alternatively, we can compactify the eleventh dimension on
an interval with appropriate boundary conditions at the end points. This
compactification gives the heterotic string. Again, the weak coupling regime
is obtained when the interval is small. This is an interesting case, first anal-
ysed by P. Horava and E. Witten. The geometrical picture consists of two
ten dimensional spaces separated by the interval in the eleventh dimension.
They are called “end-of-the-world branes”. It turns out that mathematical
consistency requires the introduction of new degrees of freedom living on
these boundary worlds. They can move in the ten dimensions, so from the
string theory point of view, they are ordinary degrees of freedom, but they
cannot extend in the eleventh dimension, so they are special from the point
of the M theory. This picture will be used again later.
Type I string theory is special because it contains both open and closed
strings. Looking at the diagrams of Figure 12, we see that we can have a
consistent theory with only closed strings but, if we start with open strings,
unitarity will force us to introduce closed strings at higher orders. The
presence of open strings brings a new element, as was first realised by J.
Polchinski. Open strings have end points which, normally, can move every-
where. However, they can also get stuck on membranes, or other higher
dimensional objects. Strings have a tension, so they cannot get stressed at
arbitrary lengths. This means that their degrees of freedom are confined
to move on the membrane, or very close to it. This brings a new physical
picture: The degrees of freedom of closed strings propagate everywhere in
the ambient space. The spin two graviton belongs to them. On the other
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hand the degrees of freedom associated to open strings may be confined in
a subspace. Standard Model particles may behave this way. We shall come
back to this point shortly.
This remark brought in the picture objects of any dimensionality. They
are called “Dp-branes”. “D” stands for Dirichlet and denotes the kind of
boundary conditions we impose on them. “p” is the dimensionality of the
object. Thus D0 are particles, D1 strings, D2 membranes, etc. We can
look at D-branes in two complementary ways: As manifolds on which open
strings end, or, as solitonic solutions of the string theory equations. This
second approach reminds us of the situation in field theory where also we
have solutions describing extended objects such as magnetic monopoles, flux
tubes, domain walls, etc. This also brings the idea of duality in which the
“elementary” fields and these extended objects may exchange roles.
A ten, or eleven, dimensional space may contain all sorts of D-branes.
Some may lay on top of each other, some may stay a certain distance apart,
some may intersect. The study of the stability properties of such configura-
tions is a very difficult dynamical question, only very partially understood.
This difficulty not withstanding, such configurations may describe interest-
ing physical situations. For example, let us consider n identical branes,
each one having three spatial dimensions, stuck together. The open strings
that start and end on them will have zero tension and they will give rise
to massless particles, confined on these branes. Since each string can start
and end on any of these branes, we can represent them with n×n matrices.
It is easy to show that the spin one excitations will generate a U(n) gauge
group on the branes. If now we move n1 < n branes a distance l away,
leaving the other n−n1 behind, we see that the strings which are stretched
at length l will have a tension and the excitations coming from them will be
massive. In other words, we have a description of the spontaneous breaking
SU(n) → SU(n − n1) ⊗ SU(n1) ⊗ U(1). There has been a lot of activity
recently in such a brane engineering of the Standard Model.
Before closing this introductory section let me mention a remarkable
and, probably not yet fully understood, result. It is again an equivalence,
in a sense I shall try to explain, between a string theory formulated in a
ten dimensional curved space and a gauge field theory in four dimensional
flat space. We have reasons to believe that such an equivalence may be
quite general, but the example which is analysed in some detail is due to a
conjecture of J. M. Maldacena. The string theory is of the Type IIB and
the ten dimensional space is AdS5 × S5, which stands for the product of
five dimensional Anti de Sitter space and a five sphere. This space is a so-
lution of the equations of motion of the low energy effective theory of Type
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IIB. A few words about Anti de Sitter space: It is a maximally symmetric
solution of the Einstein equations with negative cosmological constant. It
is called Anti de Sitter because the original de Sitter solution corresponds
to positive cosmological constant. In order to avoid any misunderstanding,
let me remind you that the recent supernovae data indicate that the cos-
mological constant in our space may have a small, non-zero, positive value.
Coming back to AdS5, we can choose a coordinate system to bring the five
dimensional metric to the form:
ds2 = dr2 + e2r(ηµνdx
µdxν) (172)
where µ and ν run from 0 to 3, ηµν is the four dimensional Mincowski met-
ric and the fifth coordinate r is radial. The important point which we can
see from (172), is that, for r → ∞, Anti de Sitter space has a boundary
which is Minkowski space. It is precisely in this space that the gauge theory
lives. This theory is our old N = 4 super Yang-Mills theory with an SU(m)
gauge group. For one thing, the counting of symmetries is correct: The
five dimensional Anti de Sitter group has fifteen generators (same number
as O(6)) and we have seen that N = 4 super Yang-Mills theory has van-
ishing β-function and it is known to be conformally invariant. Furthermore
this “AdS/CFT” equivalence has been checked by several calculations in
the level of the spectrum of states in the two theories, that of correlation
functions, etc.
This equivalence exemplifies two important and far-reaching theoretical
ideas. The first, formulated long ago by G. ’t Hooft, is known as holography.
’t Hooft’s motivation was the information paradox connected with the pres-
ence of an horizon around a black hole. He conjectured that the underlying
theory must be such that the degrees of freedom sitting at the boundary
surface around the black hole must exactly match those in the interior. The
second is an old idea, according to which a field theory may become simple
at the limit when the number of fields goes to infinity. For a gauge theory
this limit was first studied also by ’t Hooft. We know to-day that an SU(m)
Yang-Mills theory in d space-time dimensions in a suitable m → ∞ limit,
becomes a classical theory in d+ 2 dimensions in which the commutator in
the Yang-Mills interaction term is replaced by a classical Poisson bracket.
The additional two dimensions describe a surface. Taking this limit we can
again check Maldacena’s conjecture.
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5.2 String theory and Physics
So far we have introduced in a qualitative way some of the concepts used
in string theory. Let me now move into whatever physical results we can
obtain, or hope to obtain. I see two fields in which string theory should play
a central role: astrophysics and cosmology on the one hand and particle
physics on the other. In this School I shall only talk about the second, but
let me mention that probably the result which comes closer to real physics
that string theory can claim, is the first and only exact computation of the
Bekenstein-Hawking entropy of a black hole. The first such calculation is
due to A. Strominger and C. Vafa in a simple model and was extended to
more realistic cases by K. Sfetsos and K. Skenderis. Although their black
hole is still not the one that may exist in the centre of our galaxy, it is,
nevertheless a remarkable result.
Coming to particle physics, the first question we must ask is the way to
go to a four dimensional space-time. In order to introduce the ideas, let me
present the simple example of Th. Kaluza and O. Klein.
Back in the early years of general relativity, the only known fundamental
interactions were electromagnetism and gravitation. They were both gauge
theories, the first described by the U(1) Maxwell theory and the second
by the reparametrisation invariant Einstein’s General Theory of Relativity.
They are both geometric theories, but while gravity’s geometry is the one of
our space-time, that of electromagnetism refers to an internal U(1) space.
Kaluza’s idea of unification was a very simple, but ingenious one. He as-
sumed that only space-time geometry has a physical meaning and, therefore,
he tried to promote the internal space into a real one. This naturally leads
to the study of gravity in a space-time with five dimensions. The dynamical
variables are given by the five dimensional metric tensor gMN , where the
indices M,N go from 0 to 4 and g satisfies the five dimensional Einstein’s
equations. For empty space the action is simply:
S = − 1
4κ2
∫
d5x
√−gR (173)
where g is the determinant of gMN and R the five dimensional scalar cur-
vature. It is clear that the equations derived from (173) admit the five
dimensional Minkowski space M5 as a solution, but also a space M4 × S1,
i.e. a four dimensional Mincowski space and a circle, since both correspond
to zero curvature. In this case the action can be written as:
S = − 1
4κ2
∫
d4x
∫ 2piR
0
dx4
√−gR (174)
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This choice implies that all fields must be periodic functions in the fifth
coordinate x4: x4 → x4 + 2πR. In the general case we look for solutions of
the form:
ds2 = gMNdx
MdxN = gµνdx
µdxν + g44(dx
4 +Aµdx
µ)2 (175)
where µ and ν run from 0 to 3. So far (175) is very general and we can
always parametrise the metric tensor this way. Let us first assume that no
function, such as the metric components, or whatever field variables we may
have, depends on the coordinate x4. We still allow for reparametrisations
of the form xµ → x′µ(xν) and x′4 = x4 + λ(xµ). It is easy to check that the
part of the metric that we have called Aµ transforms as:
A′µ = Aµ − ∂µλ (176)
i.e. Aµ transforms as a U(1) gauge field. The reparametrisations in the fifth
dimension look like gauge transformations when restricted in the four non
compact coordinates.
Let us now relax our assumption of x4 independence and impose instead
on all fields periodicity with period 2πR. The previous case corresponds to
the limit R → 0. Let us take the example of a massless scalar field φ(xM )
in five dimensions and choose, for simplicity, g44 = 1. The momentum in
the fifth dimension take only discreet values p4 = n/R. We can expand φ
in modes:
φ(xM ) =
∞∑
n=−∞
φn(x
M )e
inx4
R (177)
in other words, we obtain an infinity of fields in four dimensions. The five
dimensional Klein-Gordon equation yields, for the four-dimensional fields
φn:
∂M∂
Mφ(xM ) = 0 ⇒ ∂µ∂µφn(xµ) = n
2
R2
φn(x
µ) (178)
The mass spectrum in four dimensions consists of a massless mode φ0
and an infinite tower of massive states, the Kaluza-Klein states, with equal
spacing mn = n/R. At energies much lower than 1/R only the massless
mode can be excited and all the higher ones decouple. The charge of the
symmetry (176) is given by the fifth component of the momentum. In this
example, the massless mode is neutral, but this is a property of the particu-
lar example we considered. It is also clear that the U(1) gauge symmetry we
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obtained is a consequence of our choice of toroidal compactification. U(1) is
the group of the circle. Other groups can be obtained if we have larger com-
pact spaces. The moral of the story is twofold: (i) Space-time symmetries
of the higher dimensions may appear as internal gauge symmetries to a four
dimensional observer. (ii) For every low mass particle we obtain an infinite
tower of Kaluza-Klein states with masses which are integer multiplets of the
inverse compactification size.
This example was presented in the framework of quantum field theory.
Strings may add one new element. A string can get wrapped around the
compact space. Therefore, string configurations can be classified according
to a topological property, namely the number of times the string gets around
the space. We call this number “the winding number”. We again obtain a
tower of states, the winding states. Their masses are proportional to the
energy of the corresponding string configuration, therefore they are integer
multiplets of the compactification size. Kaluza-Klein states carry conserved
charges. Winding states carry topological charges. It won’t come as a
surprise to realise that under an R → 1/R duality the Kaluza-Klein and
the winding states exchange roles. Let me only add that the topological
property of winding around a compact space can be found also with more
general p-branes.
Coming now to physics, it is clear that we need to consider compact
spaces of six, if we start from string theory, or seven, if from M theory,
dimensions. In either case the important parameter is the compactifica-
tion size. Going back to the Kaluza-Klein example, we see that nothing
determines R. This is also the case for general superstring theories. Differ-
ent compactification sizes often correspond to degenerate but inequivalent
states of the system. They are labeled by the values of massless scalar fields
called “moduli”. Unless we develop a much more profound understanding
of the non-perturbative dynamics of string theory, including the mechanism
of supersymmetry breaking, we shall not be able to compute the values of
all the moduli and the compactification size will remain a phenomenological
parameter. Although it can take any value, for presentation purposes I shall
distinguish two cases: Small size and large size.
5.2.1 Small compact dimensions
Here by “small” I mean smaller than anything we can measure in any fore-
seeable future. In practice I shall assume that R is of the order of the Planck
length 10−33 cm. This is the old fashion way, the one used before the advent
of dualities and branes but I still believe that it yields more realistic models.
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In particular, it is only in this class of models that we obtain a prediction
concerning the experimentally found gauge coupling unification of Figure 8.
We start from a ten dimensional superstring theory. Since we do not know
how to solve the theory, we cannot rigorously extract its phenomenological
consequences. For this reason we have invented a new term, we talk about
“superstring inspired models”. If the programme is correct, one should find
that in the ground state of the string theory the topology of space-time is
given by M4 ⊗ M˜6, where M4 is the usual 4-dimensional Minkowski space-
time and M˜6 is a compact six-dimensional manifold. Needless to say that
nobody has ever been able to find the ground state of any realistic theory
and string theories are no exception. Assuming compactification does oc-
cur, it is obvious that the symmetries of M˜6 will appear to the effective
four-dimensional theory as internal symmetries. If, furthermore we restrict
ourselves to the lowest excitation of the string, i.e. the massless sector,
we shall obtain a good honest quantum field theory in four dimensions. It
is clear from these considerations that, even if the initial ten-dimensional
superstring theory is unique, we are still unable to deduce a unique effec-
tive low-energy theory. The result depends on the choice of M˜6 and/or the
choice of strategy. Here we shall restrict ourselves to two models, each one
exemplifying a different approach. In the first we shall assume that the com-
pactification from ten to four dimensions takes place at the string level. We
thus obtain a four-dimensional string theory whose zero-mass limit will give
an effective low-energy field theory. Here “low-energy” is meant with respect
to the Planck-mass and could well encompass the scale of grand unification.
In the second the order of the two operations is reversed: We first consider
the zero-mass limit of the ten-dimensional string theory thus obtaining an
effective ten-dimensional field theory. Then, as a second step, we consider
a Kaluza-Klein compactification to four dimensions. The two approaches
are not equivalent because in each case the compactification takes place in a
different space. Since this determines the internal symmetries of the result-
ing effective field theory, it follows that we shall end up with different grand
unified models. None will turn out to be identical to the ones we examined
so far. One of the reasons is that these methods do not seem to produce
models with Higgs fields belonging to high representations of the internal
symmetry group.
1) The SU(5)⊗U(1) model: There are at least two ways to study a grand
unified theory based on the group SU(5) ⊗ U(1). The first is purely tradi-
tional and string theory never enters. In fact, that is how historically this
model was first proposed. Starting from the SO(10) grand unified theory,
one can notice that there exist two inequivalent ways to break SO(10) to
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SU(5). One is the usual one studied in Section 3.3.1. There exist, however, a
second one corresponding to the two inequivalent ways to embed SU(5) into
SO(10). This breaking is SO(10) → SU(5) ⊗ U(1) and the 16-dimensional
representation of SO(10) decomposes into:
16→ (10, 1
2
)⊕ (5¯,−3
2
)⊕ (1, 5
2
) (179)
where the first number denotes the SU(5) representation and the second the
U(1) charge. The electric charge operator, which is always a generator of
SO(10), is no more one of SU(5). It is rather a combination of the U(1)
generator and the neutral component of SU(5). It follows that the sum of
the charges of the members of an SU(5) representation no longer vanishes.
The fermion assignment in the 5¯ and 10 representations is now flipped with
respect to ordinary SU(5) with u ↔ d and ν ↔ e. For example, the 5¯
representation is:
5¯ =


uc1
uc2
uc3
νe
e−


L
(180)
and similarly for the 10.
This model appears in a sort of natural way when one starts from a
four dimensional string theory and considers the zero-mass limit. The con-
nection is not rigorous but it is suggested by the following considerations:
(i) Through the string compactification one encounters orthogonal symme-
try groups. So one expects to obtain a supersymmetric grand unified theory
with a gauge group which is the result of breaking of some orthogonal group.
(ii) As we mentioned before, in the zero-mass limit of a string theory we do
not find matter multiplets belonging to adjoint, or higher, representations.
Almost all traditional grand unified theories require Higgs fields in such rep-
resentations. SU(5)⊗U(1) is an exception: it can be broken to the standard
model using only complex 5’s and l0’s. The vacuum expectation value of the
10 breaks SU(5)⊗U(1) to U(1)⊗ SU(2)⊗ SU(3) and that of the 5 breaks
U(1) ⊗ SU(2) to U(1)em.
Let me now mention the main features of this model:
(i) A natural triplet-doublet splitting of the Higgs fields. Let me first remind
you that in ordinary SU(5) there was no way to obtain such a splitting
without fine-tuning the parameters of the model. This was part of the
problem of gauge hierarchy. Here this splitting is natural. The 5 will get its
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mass through the coupling with 10 which has a large vacuum expectation
value. It is easy to verify that the structure of the invariant couplings is such
that only the triplet becomes heavy. Similarly, we give large Dirac masses
to the colour-triplet fermionic partners of the 5-Higgs fields.
(ii) With respect to neutrino masses the situation is similar to that of SO(10)
since we have an SU(5) singlet field (see (179)). Again, we can have large
Majorana masses which yield naturally very light physical neutrinos.
(iii) Finally, let me mention that the prediction for proton decay is different
from that of ordinary SU(5). Like in any supersymmetric theory, the ex-
pected life-time is longer. Furthermore, because of the flipped assignment,
the main decay mode is p → π+ν¯ which is expected to be twice as large as
the ordinary p→ π0e+ mode.
2) The [SU(3)]3 model: We now come to the alternative strategy, namely
we first consider a limiting 10-dimensional effective field theory and then
compactify. The most interesting superstring model to start with is the
heterotic string which has a gauge symmetry based on the group E8 ⊗ E8.
The important step, which will determine the properties of the 4-dimensional
effective theory, is the choice of the six-dimensional manifold we shall use
for compactification. We are guided by two phenomenological requirements:
(i) The 4-dimensional theory must admit chiral fermions and (ii) an N = 1
supersymmetry must be preserved. It turns out that, at least to low orders
in string perturbation theory, these requirements determine the structure
of the manifold: it must be Ricci flat and have SU(3) holonomy. Such
manifolds have been studied mathematically and are known as “Calabi-
Yau” manifolds. (Notice that if we start from M theory we must compactify
in a seven dimensional manifold for which the holonomy group is G2. Such
models have not been analysed in detail.) Identifying the SU(3) group with
a subgroup of the original E8 ⊗E8 symmetry, reduces the observable gauge
group to E6⊗E8. We shall assume that all matter is singlet under E8 which
will constitute a “hidden” sector in the theory. It follows that the grand
unification gauge group will be a subgroup of E6.
From now on everything depends on the particular Calabi-Yau manifold
we choose. Obviously, it is not easy to visualise such manifolds but they
can often be defined as the set of zeros of systems of algebraic equations.
A particular example which has been studied in the literature and seems
to reproduce many features of low energy phenomenology, is the so-called
“Tian-Yau” manifold. In order to construct it explicitly we proceed in two
steps: We start with the simply connected Calabi-Yau manifold K0 defined
as the complete intersection of the following three equations in CP 3⊗CP 3:
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3∑
i=0
X3i + a1X0X1X2 + a2X0X1X3 = 0
3∑
i=0
Y 3i + b1Y0Y1Y2 + b2Y0Y1Y3 = 0 (181)
3∑
i=0
ciXiYi + c4X2Y3 + c5X3Y2 = 0
where Xi and Yi (i = 0, 1, 2, 3) are the homogeneous coordinates of the two
CP 3’s. The complex parameters ai, bi, (i = 1, 2) and ci (i = 0, . . . ,5)
are restricted by some transversality conditions. The second step consists
in identifying a group Z3 of discreet transformations which act freely on
K0 and define the multiply connected Tian-Yau manifold K by dividing K0
by Z3. Since K is multiply connected we can consider non-trivial Wilson
loops on it. It is assumed that, in a non-perturbative way, they break E6
to a certain subgroup H. The important point is that the geometry of
K determines also the number of matter supermultiplets that are allowed.
They are given by χ(K)/2, where χ(K) is the Euler characteristic of K.
For the Tian-Yau manifold χ(K) = 6, so the model allows for just three
families of quarks and leptons. The most interesting class of models have
H = SU(3)⊗ SU(3)⊗ SU(3) and a surviving group of discrete symmetries
of K. It turns out that there exist two inequivalent ways of breaking E6
to [SU(3)]3 through Wilson loops. In each case a complete classification
of all possible groups of discrete symmetries has been carried out. The
result is that we can construct forty five different models using one breaking
and twenty one models using the other, thus obtaining a total of sixty six
possible models. They all have three complete 27’s, a number of incomplete
27’s and 2¯7’s and the discrete symmetries determine the Yukawa couplings
and the Higgs potential. Not all of them have been analysed but we can
find among them some phenomenologically viable models. This is extremely
encouraging since it is the first time that the number of families is determined
by geometrical considerations.
5.2.2 Large compact dimensions
Here by large we mean of order 1-100 inverse TeV, distances you may hope
to explore, directly or indirectly, during your life-time as physicists. We
assume that the string scale is small, much smaller than the Planck scale.
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Such models have been considered seriously only during the last years. The
reason is that large compactification radius corresponds, for the heterotic
string, to large coupling, where no perturbation expansion is reliable. It
is only through strong ↔ weak coupling duality that we can approach this
region.
Claiming that the string scale may be as low as 1 TeV sounds at first
absurd, since it means that gravitational interactions will become strong
at that scale. Of course, the answer is in the extra compact dimensions.
Gravity is weak because it spreads over many extra dimensions. Let us
assume that there are n of them and let us take, for simplicity, the case in
which all have sizeR. In this (4+n)-dimensional space-time the gravitational
potential of a mass, m, is given by
V (r) =
Km
M2+n∗
1
r1+n
, r < R (182)
where M∗ is the fundamental mass scale of the (4 + n) dimensional theory
and K a numerical constant. At distances larger than the compactification
size of the new dimension, space-time effectively becomes four dimensional
and the potential has the usual 1/r behaviour
V (r) =
Km
M2+n∗ Rn
1
r
≡ Gm
r
, r > R (183)
which means that Newton’s law is modified only at distances smaller or
equal to R. Identifying the last two terms in (183) shows that the usual four
dimensional form of gravity applies with the Planck mass given by
M2P =
2
K
M2+n∗ R
n (184)
The extreme case is to choose M∗=1TeV i.e. close to the electroweak
breaking scale. Then n=1 would give R of the order of one million kms,
clearly excluded by all sorts of terrestrial or solar system measurements,
but for n=2 we obtain R ∼ 0.1 mm. This is dangerously close to present
limits, but it is clear that the scenario is perfectly viable, provided we choose
n > 2 and/or slightly higher values for M∗.
This simple picture gives the main experimental consequences of this
idea: Modification of Newton’s law at distances r ≤ R according to (182)
and gravitational interactions which become comparable in strength to other
interactions at energies E ≥ M∗. The first test will be hard to do. As we
saw, R decreases very rapidly with increasing n and/or M∗ and we must be
extremely lucky to fall in the experimentally accessible range. Direct tests
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of Newton’s law at subsubmillimiter distances will be hard because grav-
itation is in competition with the badly known van der Waals forces. At
very short distances one should consider even the Casimir attraction due to
vacuum fluctuations. We are left with high energy experiments, mainly at
the LHC. If M∗ is really of order 1 TeV, the signatures will be spectacular.
Gravitons and even black holes, will be produced. The latter will decay
giving ordinary particles, such as photons, or gravitons. Missing energy and
momentum will be an important signature. On the other hand we shall also
see the first excitations of the known particles in their respective Kaluza-
Klein or winding towers and they also will provide signals you cannot miss.
But again, we must be lucky. Let me remind you that no solid theoretical
argument determines the value of M∗ which may be everywhere, from here
to the Planck mass. We have chosen the value of 1 TeV essentially because
it is the present experimental lower limit. The only argument is a prejudice
that supersymmetry breaking may be triggered by compactification. Never-
theless, it makes experimental search even more exciting. For a moment it
had even caused worries connected with the possibility of producing black
holes. Are they going to be dangerous? The answer is no for a very simple
reason: only extremely massive ones are stable. We can see this using a very
simple argument.
A four-dimensional black hole of mass M has a Schwarzschild radius
RS = 2GM and a temperature TBH = M
2
P /M . Consequently, its thermal
decay rate, which is proportional to its area, is given by ΓD ∼ T 4BHR2S .
Unless the accretion rate is greater than this decay rate the black hole will
decay harmlessly. An upper bound to the accretion rate is given by the
energy density in the volume swept out by the black hole in one second.
Assuming the limiting case where black hole is moving with relativistic ve-
locity the accretion rate is ΓA ∼ πR2Sρ, where ρ is the mean density of the
matter through which the black hole passes. Thus the condition for growth
of the black hole, ΓA > ΓD, implies M > M
2
P /ρ
1/4 in CeV which is of order
1042 GeV!
We can easily repeat this estimation for a (4+n)-dimensional black hole.
Replacing the four dimensional Newton’s potential with that of (182), we
find for the Schwarzchild radius
RS =
K ′
M∗
(
M
M∗
) 1
1+n
(185)
with K ′ another numerical coefficient. The temperature is given by
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TBH =
(
M∗
M
) 1
1+n
M∗ (186)
The decay rate in this case is
ΓD ≈ T 4+nBH R2+nS
= M2∗
(
M∗
M
) 2
2+n
(187)
Since normal matter lives in four dimensions, the accretion rate has the
same form as before, so we immediately obtain the bound for a stable black
hole given by
M > M∗
(
104M∗
GeV
)1+n
(188)
which, even for the extreme case n = 2 andM∗=1 TeV, givesM > 10
24 GeV.
We can show that this rough estimation remains valid even if we take into
account other effects, such as the possibility of normal matter propagating
in the extra dimensions, black holes carrying conserved charges, etc. It is
conceivable, although not very probable, that black holes offer the greatest
discovery an accelerator can make, but they do not present any imaginable
threat.
Let me now present very briefly some of the models that exemplify these
ideas. There is a great variety of them and, to my taste, none imposes it-
self by predictive power, simplicity and/or aesthetic beauty. In particular,
contrary to some claims in the literature, none incorporates the prediction
of coupling constant unification we had in ordinary supersymmetric grand
unified theories. This is not surprising, since they all introduce completely
new physics above 1 TeV. They can still fit the data but they have no predic-
tion. They all use the brane world hypothesis in which we are living on some
collection of extended objects. D-branes are the favourite ones, although,
in some models other extended objects, like orientifolds, are introduced in
addition. From this point everyone can use his/her imagination and, indeed,
practically any conceivable configuration has been used. We can distinguish
roughly two classes according to whether gravity is spread everywhere in
the bulk, or it is also localised on a brane. The simplest version starts from
Type I string theory with different collections of D-branes. The branes we
are living on must have at least three spatial dimensions and the unbroken
gauge symmetries of the Standard Model are generated by putting together
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l identical branes for SU(l). The Higgs mechanism is generated by pulling
some of them a certain distance apart.
Let us consider a space with nine spatial dimensions in which we have
introduced a collection of Dp-branes. If p is larger than three, the ex-
tra dimensions must be also compact. We call them “parallel” dimensions
p=3+n‖ and they are compactified with size R‖. The remaining dimensions
are called “transverse” n⊥=9-p and have a compactification size R⊥. In this
space there are several kinds of strings:
(i) Closed strings. They contain the graviton as well as the other string
modes. They have Kaluza-Klein excitations in each compact dimension with
mass-spacings 1/R‖ and 1/R⊥, as well as winding excitations with spacings
R‖/l
2
s and R⊥/l
2
s respectively, where ls is the length of the string.
(ii) Open strings which start and end on the same D-brane. They give
massless states, such as gauge bosons of an unbroken group, living on the
brane and have Kaluza-Klein excitations on n‖ and winding on n⊥.
(iii) Open strings which stretch between branes that have been pulled
apart. They give massive string modes representing gauge bosons of spon-
taneously broken gauge groups and have all the corresponding Kaluza-Klein
and winding excitations.
(iv) If branes intersect, there may be open strings starting and ending on
an intersection, which may correspond to our three-dimensional space. They
give massless string states, have winding states on n⊥ and no Kaluza-Klein
states.
With these ingredients we can construct a huge variety of phenomeno-
logical models. If we choose ls and the compactification radii large enough,
all this plethora of new states may become observable. If Nature is ex-
tremely kind to us, experiments at the LHC will be a tremendous fun with
a new discovery every few minutes. The reverse side of the story is that we
have enough parameters to accommodate practically any result, positive or
negative. In the meantime it helps to be optimistic.
6 Epilogue
In these lectures I tried to give my personal view of the large class of theo-
ries that come under the general name “Beyond the Standard Model”. They
represent thirty years of theoretical high energy physics, thirty years of ef-
forts to understand our world. The trouble is that during all this period
theorists have worked with very little experimental input. The enormous
complexity of modern high energy experiments has stretched the time be-
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tween the conception, the design and the completion of an experiment to
decades. We are approaching the limit of the professional life of a physicist.
This is probably the greatest danger of our field. We have been extremely
frustrated during all these years and we cannot hide our excitement now
that the long awaited experiments are at last in sight. Never in the past
a new experimental facility was loaded with so many expectations. We are
confident that great and exciting discoveries lay ahead.
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